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Meronuueckue pekoMeHAaluu Mo wusydeHuro aucuuruinHbl EHO1.DOnements! BrIciIEl
MaTeMaTHKH TMpeaHa3HadYeHbl st cryaeHToB W npenomaBateneii AHO II0  «III'TK».
Meronuyeckue yKa3aHUs OMPEIENSIIOT OPHUEHTHPbI U CIOCOOCTBYIOT 0Oojiee OOCTOSTEIBHOMY
YCBOEHHMIO MPOrpaMMHOIO MaTepHuaja, OpraHHM3allMM CaMOCTOSTEIbHOIO Ipoliecca U3Y4YEeHMUs
yueOHOro mpeaMera OOyYaroIUMUCSA MO CIEMUATBbHOCTH [IporpaMMupoBaHie B KOMIBIOTEPHBIX
CUCTEMaXx.

JlaHHble METOAUYECKHE PEKOMEHJALUH [OMOrYyT OpraHu30BaTb CaMOCTOSTEIbHYIO
IEATeIbHOCTh CTYJEHTOB Ha OCHOBE AEATENLHOTO M KOMIIETEHTHOTO MOAXONOB K OOyYEHHIO, YTO
cootBercTBYeT @I'OC CIIO no cnenuansHoctu 09.02.03 IlporpaMMupoBaHr€e B KOMITbIOTEPHBIX
CHUCTEMAX.

ABTtop-coctaButenb: Jlonranosa S.A., cT. mpenonaBatenb

YTBepKIEHO Ha 3acedaHud Kadenpsl MaTeMaTHUYeCKHMX M eCTeCTBEHHO-HAYYHBIX
OUCLUIIINH, TPOTOKOI Ne 6 oT «21» sinBaps 2019 1.

PexomennoBans! k yrBepxaeHuio neparoraueckum copetom AHO T10 «ITI'TK» (mporokon
ot «5» despainst 2019 . Ne 3).
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1 TlosicHuTeIbHASI 3aMIMCKA

[IpakTHueckoe 3aHATHE — 3TO (HOpMa OPTaHU3ALMH YUIeOHOTO IMpOoLEecca, MPEAOIaraomas
BBITIOJIHEHHE OOYYaIOIIUMUCS 1O 3aJaHUI0 M TOJ PYKOBOJICTBOM IIPENOAABATENs OJHOW HIIH
HECKOJIbKUX MPAKTUYECKUX padoT.

Junaktuueckass [elb MNPaKTH4YeCKuX paboT -  ¢opMupoBaHue Yy  OOyHarOIIMXCS
npoeCCHOHABPHBIX yYMEHHWH, a TakXKe NPAKTHYECKUX YMEHUH, HEOOXOOUMBIX I H3yYeHHs
MOCHEeNYOMMX y4eOHBIX TUCHMIUIMH, TOATOTOBKA K TPUMEHEHHIO 3THX yMEHHH B
npodecCHoHaNBbHON NEeATETBHOCTH.

Tak, Ha TPAKTUYECKUX 3AHATUAX TO AUCHUIUIMHE «JJEMEHTBI BBICIICH MAaTEMAaTUKW) Y
ofyuaromuxcs (popMupyercs yMeHHe pelarh 3aadyd, KOTOPO€ B JaJbHEHIIEM IOJUKHO OBITh
HCTIOJIB30BAHO VIS PeLIeHUs] MPO(PECCHOHATBHBIX 33144 10 CIIEUATBHBIM AUCLIUTUIHHAM.

B xome mnpaktudeckux paboT oOydaromuecs OBJNAACBAOT YMEHHMSAMH TOJb30BATHCS
WH(POPMALMOHHBIMUA UCTOYHUKAMU, padOTaTh C HOPMATHBHBIMU JJOKYMEHTAMHU U UHCTPYKTUBHBIMU
MaTepuajaMH, CIPABOYHUKAMH, BBIIIOJHITH YEPTEXKH, CXEMbl, TaOJHUIbI, peIaTh Pa3HOro pona
3a/1a4uu, AeJ1aTh BbIYUCIEHHS.

3amaun, KOTOpBIE PEIIArOTCs B XOIE NMPAKTHUECKUX 3aHIATUH MO JUCHHILIMHE «DJIEMEHTHI
BBICIIEH MATEMATUKI:

1) pacmiupenue U 3aKperuieHne TEOPETUUECKUX 3HAHUH MO MaTeMaTHKe, MMOJYYEHHBIX B X0/
JIEKLIUOHHBIX 3aHITU;

2) ¢opmupoBaHue y OOYyHYAOIIUXCSA MPAKTUYECKUX YMEHUH M HaBBIKOB, HEOOXOIMMBIX IS
YCIIEIIHOTO PELICHHUs 3a1a4 110 MAaTEMATHKE;

3) pasButue y oOydaroumxcsi nmoTpedHOCTH B CaMOOOpPa30BAaHUM M COBEPIIEHCTBOBAHUM
3HAHWUN U YMEHUH B IPOLIECCE U3YUEHUSI MATEMATHUKU,

4) dopmMupoBaHHE TBOPUECKOTO OTHOLICHHS U HCCIENOBATENLCKOTO MOIXOAa B MpoIecce
U3yYEHUST MAaTEMATHKH,

5) ¢popmupoBanme npohecCHOHATPHO-3HAYUMBIX Ka4eCTB OyAyIIEro CIeHHaINCTa U HABBIKOB
NPUIIOKEHHS TIOJYIE€HHBIX 3HAHUH B MpodeccHoHanbHOM chepe.

Kputepuu ouenku:

OTBeT OLIEHUBAETCSA OTMETKOM «S5», €CJIH:

e paboTa BBIMOJHEHA MTOJIHOCTHIO;

® B JIOTHYECKUX PACCYKACHUSIX U OOOCHOBAHUU PEIICHHS HET POOESIOB U OIIHOOK;

® B pPEIIEHHH HET MAaTEMAaTHYECKUX OIINOOK (BO3MOXKHBI HEKOTOPBIE HETOYHOCTH,
ONHCKH, KOTOpbIE HE SIBJISIIOTCS CIENCTBHEM HE3HAHUS WM HENOHUMAaHUs y4eOHOro
Marepuana).

OtMmeTka «4» CTaBUTCSA B CIEAYIOIUX CIYyYasIX:

e paboTa BBINOJHEHA MTOJHOCTHIO, HO 0OOCHOBAHUS LIAr0B PEIIEHUS] HEIOCTATOYHBI
(ecmu ymeHne OOOCHOBBIBATH PACCYXKACHUS HE SIBJSUIOCH CHEIHATbHBIM OOBEKTOM
MPOBEPKH);

e JIOMyLIEHBI OJJHA OINOKA, WIIM €CTh ABA — TPH HEAOUETA B BBIKJIA/IKAX, PUCYHKAX,
yeprexax win rpadukax (ecnu 3TH BUAbI pabOT HE SBJSUUCH CHEIHATBHBIM OOBEKTOM
MIPOBEPKH).

OtmMmeTrka «3» CTaBUTCS, €CJIM:

e JOmyIIeHO He OoJjiee IBYX OMUOOK Witk OoJiee ABYX — TPEX HEIOYETOB B BHIKJIAJKAX,
yeprexkax win rpadukax, HO oOyvaromwuiics obiamaerT oOs3aTeNbHBIMA YMEHUSMH 10
MIPOBEPSIEMON TEME.

OtMmeTKa «2» CTaBUTCS, €CJIH:

® JIOMYIICHBI CYIIECTBEHHBIC OMNOKH, TIOKA3aBIINe, YTO O0y4aroUIuiics He obnagaer
00s13aTeIbHPIMHA YMEHHSIMHE 10 TAHHOH TeéMe B MOJHON Mepe.

[IpenogaBarens MOXKET TOBBICUTH OTMETKY 32 OPUIMHANBHBIA OTBET HAa BOIPOC HIIH
OPUTHHAJIBHOE pELICHHE 3a/a4M, KOTOpPbhI€ CBHIETEIBCTBYIOT O BBICOKOM MAaTE€MaTHYECKOM
pa3BUTUM OOYHYAIOIIErocs;, 3a pelieHne Oojiee CIOKHOHM 3amadyd WM OTBET Ha OoJiee CIIOXKHBIN
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BOIMPOC, MPEIJIOKEHHbIE OOYYaIOIeMyCsl AOTOJHHUTEIbHO IOCHE BBIMOJHEHUS UM KaKHX-JIHOO
OPYruX 3aAaHUN.



IIpaktrueckue 3ansatus Ne 1,23

Tema: Boluucaenue npeaesa yHKINU B TOUKe, HA 0€CKOHEYHOCTH.
Tema: PackpbiTie npocTeilinx HeonmpeaeJJeHHOCTeIl.
Tema: Ucnosib30BaHHe 3aMedaTe /IbHBIX MPeaesI0B.

Hens: copmupoBaTh yMEHHE HAXOIWUTh MPEAETbl IOCIEAOBATENILHOCTEH U TPEaesbl
(YHKIUH, UCTOIB30BATh 3aMeUaTeIbHbIC TPEACITbI ISl HAXOKIESHUS TPEAEIIOB.

TeopeTruueckue CBeICHUS
ITyCTb CyINECTBYET MOC/ENOBATENBHOCTD AHCTBUTENbHBIX uncen {a, € R:n>1}.

Yucno a Ha3pIBAE€TCs MpeaeIoM MOCAeA0BATEILHOCTH
lima, =aeR<Ve>0 dnyeN

n—>0

Vn>n, la,—al<e

im n+6n-5

Ipumep 1. Boruncnuts npenen >« 101’ —8n® +2

; n l+%—%
. n+6n->5 . n n 1
Pewenue lim ——————=1im =
=0 10 —8n~ +2 o 8 2 10

n|10-—+—

n n

n—2n+3

lim————
o 120 +4n’ —1

ITpumep 2. Berancauts npeaen

s(1 2 3
2 m| ==t
n —-2n+3 ) n n n 0
lmﬁ:hm :—:O
Permenme ">° 120 +4n* =1 n>» ng(l%ﬂ_%j 12
n n
. m+6
lim
no>o T —8

ITpumep 3. Berancauts npeaen
6
2
B I = A
lim =lim =_
Pemenne ">* 71—8 o (Z _ﬁ) 0
n n

lim(\/2n+8 —\/}:)

n—>00

=0

ITpumep 4. Berancauts npeaen



Penienue

n+8 —n-— n+8++n— Non+ 2—\/n— 2
lim(\/2n+8—«/E):lim(\/2 8- 1)(J2 B 1):lim((2 ‘) ( 1)):

e e (M+Jﬁ) " (M+\/E)

9
o n[l+j
i 8= 1) e 2ne8endl n+9 ~lim n

) ) ) L L)

I
S [ CEEO Y s RO Y ()

Yucno A Ha3bIBAaWOT npeaeiom Gyukuuu f(x) npu X — X, (u mumyt lim f(x) = A),
X=X

ecau auis1 06oro € > 0 naiigercs aueao 0> (), 3aBucsimee ot , TaKkoe, 9TO AN Beex X # X,

YI0BJIETBOPSIIOIHX YCIOBHIO |x — x0| < 0, BbINOJIHAETCH HEPABEHCTBO |f(x) — A| <e.
Teopemsbl 0 mpeaeJiax:

1. limc=c (c=const).
x—)xO

2. Ecmn lim f(x)=A4, lim@(x)= B, 7o:

lim (7 (X;—f ¢(x) = lim 7 (x) £ lim o(x) = A+ B;
lim(f(x)(x)) = lim f(x) Tim o(x) = 45,

fog IO 4

lim : =
=% e(x)  lime(x) B

. . . sinx
l'[epBbm 3aMedaTeJIbHbIH Ipeaes: Iim——=1.
x—0 X

Bropoii 3ameuaresibHbIi npeaea (uucao e = 2,718...):
1

lim(1+1/x)" = ¢ uan lim(1+ x)* =e.

X—>w x—0
3ameuaTesbHBIC Npeeibl:

.oa -1 . e -1
lim =Ina lim =1
x—0 X x—0 X

. In(1+x . log (1+x
hmgzl th:bgae
x—0 X x—0 X

C (1+x) -1
hm—( ) =
x—0 X



5sin 8x

lim
pumep 5. Beraucauts npenen “>° 60X
0
5sin8x M . S5sin8x-8 5-8 40 20
lim———— =1lim = ==
Pemrerme *° OX =0 6-8x 6 6 3
In(1+5
fim 0+ 5)
Ipumep 6. Boruucourts npegen *—0 X
0
In(1+5 H 5In(1+5
fim 052 Ly Stn(leSy)
Pewenne * ' X =0 Sx
1
lirrol(l +5x)3*

IIpumep 7. Berancauts npeaen

‘ 1l 15,1 nné(sx.;j s
lim(1+5x)* = lim(1+5x)>* 3 =7 " =¢?
Pemenne *—0 x>0
2 X
. [ x"+4
ITpumep 8. Beruucauts npenen lim 5
ol x7+1
Pemenue
X [ 1*® X
(AL (xpres) 30Y
lim| — = lim| ——— | =lim| 1+— =
ol x7+1 ool x7+1 x>0 x”+1
P43
x T x
3 224
. 1 . limzix 1m2—x 0
=lim| 1+— =lim| 1+— =Rt — et = ot =
xX—>0 x“+1 X—>00 x°+1
3 3

YroGbl HaliTH npeaes daeMenTapHoii pynkumun 1im 7(X), HysHo npenenbHoe 3HAUCHHE
x—)xO

aprymMeHTa NMOACTABUTHL B (pyHKUIMIO ¥ nocuuTaTh. IIpn 3TOM, eciin X=Xo NPUHALIEKUT 00JIACTH
onpeaejeHust GyHKIHUH, TO 3HAYEHHe Npe/esa OyAeT HaleHo, OHO PABHO 3HAYEHHIO (PYHKLHY B
TOYKe X=X¢. IIpH BBIYHMC/IICHHH TpPEAEJOB MOJIE3HO HCNOJIb30BATH CJIEIYIOINHE COOTHOLIEHHS.
Ecau ¢ =const, ¢#0, ¢ # 0, 1o, yauTbiBas cBoiicTBa 6.6. 1 6.M. (PyHKIHIA, MOTyTHM:

0 c o0
——>0; ——>w;, ——>w; cw—>m0,c0—>0; a” —0,ecm0<a<l;a” — o, ecmn a>1.
c 0 c

C.]Iy'{an, B KOTOpPbIX noaACTAHOBKA MPE€AC/ILHOTO 3JHAYCHUSA ApPrymMmeHra
B (YHKOHMIO He [JaeT 3HAYeHUsl Mpeaeja, HA3ZbIBAIOT  HEONMpPeaeIeHHOCTMU;
K HUM OTHOCATCH HECONPEACICHHOCTH BUA0B:

@; @ (00); (o0} (1) (&"); (0°).



2x° +15

IIpumep 9. >
Berancnurs npegen *' 10x™ -4
2x*+15 . 2:P+15 2+15 17
Pemenue lim =lim > —
1 10x* —4 HIIOI 4 10-4 6
2
ITpumep 10. lim — 16

Brruucauts npegen *>* x° —5x+4
x2-16 H (x 4)(x+4) | (x+4)
m lim = =
Permenue ** X —5x+4 i (x—4)(x—1) =>4 (x=1) =>4 (4-1)
V2x+8—-+/23—x

lim
ITpumep 11. Beruucnuts npenen ~ x=3
Pemenue
0
 2ri8 N5 x ol (V2x+8-+23-x)(V2x+8+23-x)
lim = lim =
3 x=5 s (x-5)(V2x+8+423-x)

((J2x+8)2_(J23_x)2)_lim ((2x+8)-(23-x)) . (2x+8-23+x)

s (x-5)(V2x+8+423-x) 7 (x-5)(V2x+8+v23-x) = (x-5)(V2x+8++23-x) i

i (3x-15) . 3(x-5) . 3

x1£1g(x—5)(J2x+8+\/23—x) x1”5(x—5)(\/2x+8+«/23—x) = (V2x+8+4/23- x)
3 3 331 11242 242 2

:(J2-5+8 +423-5) (Vis+418) 2418 2:3V2 22 22242 42 4

CoaepxkaHue NpaKTHYECKUX PadoT:

IpakTnyeckoe 3ansitue Ne 1. Borauciauts npenessl MocieA0BaTeIbHOCTEN:

1lim 2n+1 2)11m3 2n 3)lim 10 +3
n—>0 3n+5 n—>e0 n+6 n—>c0 1+2n
_ 2 _ 2
Hlim P16 g G Bm)” o () (=)
n—>0 On n—>0 (3—n) —(3+n) n—>0 (n—l) —(n+l)
3/ 3 3 2
Plim Y27 gy 22 1000+ O)lim (van—7 ~n+2)
n—>0 n+2 n—>0 100n~ +16n n—>»0

MpakTnyeckoe 3ausaTre Ne 2. Beraucanthb npenesbl GyHKITHI:

x*+2x% - 3x P -3x-2 (M—l)

X
Dl Nl 3) i
)Hlf)n ¥ =3x +x ?Hllm x’+x ?ngn x?

‘ (\/1+2x—3) P 3x42 (x+1) 2 (x-1)°
Hlim——7Fm== 5)11m2— 6)lim > >
x—4 -\/;—2 x—1 x -1 x—1 (x—l) —(x+l)

Axt+2x-1 X —15x" +x (\/4x—7—\/x+2)

Hlim ——— 8)lim2— 9)lim
x> x+2 xs0  18x" +15x 12 x—2
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IpakTuueckoe 3ansitne Ne 3. Bpmucnaute mnpepenbl (QyHKIUH, HCIONB3YSI 3aMevdaTeNIbHBIC
IIPEIENbL:

2 x4 x x+1
l)lim(x j3j 2)1im[x—+lj 3)1im[2x+3J
X

X—>00 X—>00 x—1 X—>00 2x+1
R In(1+sinx 2
Hlim (1+10x°) > 5)1im¥ 6)lim > —>%
x50 x50 sin4x x>0 SIn4x
7)lim 1g3x $)lim 9In(1-2x) 9)lim afcsm 7;
0 IgX 0 4arctg3x x>0 SINX-X

IIpaktuueckue 3ansatus Ne 4,5

Tema: BoruucsjieHue 01HOCTOPOHHMX MpeaesIoB, KJIaccupukanus ToUEeK
pa3pbiBa.
Tema: UccaenoBanue pyHkumii Ha TOYKH pa3pbiBa.

Hean: chopmMupoBaTh yMEHUE HCCIEAOBATh (PYHKIHMIO HA HEMPEPBIBHOCTb M HATUYHE TOUYEK
pa3pbiBa, ONPEAEIATh PO TOUEK pas3phiBa.

TeopeTuueckue cBeIeHHsI:
DyHKUUA y= f (x) HA3BIBAETCS HelNpepbIBHOU

B TOYKE X, €CJIH OHA: 1) onpenesieHa B TOUYKE Xo; 2) HMeeT KOHEUHbIH nmpeaes npu X — X, ; 3)

3TOT npees paBeH 3Ha4enHuio Gynkuuu B 31oi Touxe lIm 7 (x)= f(x,).
X—>X,

DYyHKIUA HA3bIBAETCS HENMPEPbIBHOM, €CJIN:

1) Iimlf =0 Uf=f(x,+Ix)—f(x,)

2) Ve>0 J0>0 |x—x0|<5 — |f(x)—f(x0)|<g
3) lim f(x)=f(x,)

DYHKIUA HA3ZBIBAECTCH HENPEPBIBHON Ha HEKOTOPOM MNpPOMEKYTKe X, €CJH OHa
HENpepBIBHA B KAXKA0H TOYKE 3TOr0 NPOMEKYTKA.

Hpumep 1: Jlokasats, uto Gyskumst f(X) =3 x —2x+1 HenpepbiBHa Ha (-00;+00)
Pemenue:
0f= (3(X0+Dx)2 —2(x0+Dx)+1)—(3x02—2x0+1) =3x, 2+ 6x 0+ 30x? - 2%, — L x+1-3x, 24 2x,~ 1=
=6x, x+30x* —2x
lim[ £ :Jim0(6x0Dx+3Dx2 ~2x)=0

Tx—0

Touka Xo Ha3bIBAETCSA TOUKOH pa3pbiBa PYHKIMH, €CJIM B 3TOH TOYKE HE BBITIOJHEHO XOTs OBl
OIIHO U3 ycioBmii 1—3 HempeprlBHOCTH (QyHKUMU. Bce saemeHTapHble PYHKIIMN HETIPEPBIBHBI BO
BCEX TOUKAX, /1€ OHU ONPEIEIICHBI.
Kaaccunduxanust Touek paspoiba:

1) xo— TOYKA yCTPAHMMOrO pPa3pbIBa, €CJIH a) limof(x) = limof(x) # f(X,)
X—>xy— X—>Xy+

0) B TouKe Xo (PYHKLHSI He onpeIesieHa
2) xo—Touka paspbiBa I poxa, ecniu lim f(x)# Iim f(x)
x—>x,-0 x—>xy+0
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h=f(x,+0)—f(x,-0) - ckauox PpyHKUHH
3) xo— Touka paspsiBa Il poaa, ecin xoTs1 ObI OIMH U3 OJHOCTOPOHHHUX NpeAeIoB paBeH
0eCKOHEYHOCTH HJIH He CYlIeCTBYeT

ITpumep 2:
Haiitu Touku pa3pbiBa GYHKIMHA U YCTAHOBUTD UX THUIT
X’ +1lx<l1
a)y=fx)=5 0,x=1
x+Lx>1

lim (x2 +l) =2

x—1-0
x11>1114}0 (x + l) - 2
JD=0
=x,=1 mouka ycmpanumozo paspuviea
2
x ,x<l1
0)y=f(x)=
x-2,x>1
lim x* =1 lim (x—2) =-1
x—1-0 x—1+0
=x,=1 mouxka paspeviea [ pooa
h=-1-1=-2
1

6)y =21

ne b 1
lim 2! = lim 21 =2" =—=0
x—1-0 x—1-0 2%

1

lim 21 =2" =0
x—1+0

=>x,=1 mouxka paspewica I pooa

IIpumep 3.
1
_pe3
3anaHa GpyHKIHUsS Y U [1BA 3HAYEHUs apryMeHTa X| =3,Xxy =1.
Tpebyercs:
— HalTH npenesbl GYHKIUH NMPU NPUOKEHUH K KAXKIOMY M3 JaHHBIX 3HaUYE€HUH X ClieBa U
CTIpaBa;

— YCTaHOBUTb SBIISIETCA JIM AaHHAs (PYHKIMA HEMPEPHIBHOW MIIM Pa3pbIBHOW AJIST KAKIOTO M3
MIaHHBIX 3HAUECHUN X ;
— CHenaTb CXeMaTUYECKHUM YepPTeXK.
Pemenne. Halinem neBblii 1 paBblil penesbl B TOUKE X, =3 .

. L [r=x-3, . !
m 2*3 = = Im 2? =0,
x=3-0 x—>3-0,f>0-0| 00
LN S 3 1
lim 23 =" """7 — lim 2! ==,
x—340 x—>3+0, >0+0]| 7r>0+0

12









3) CnenaTh cxeMaTHYECKUH 4E€PTEK B OKPECTHOCTH TOYEK X U X, .
y zln(x—8), x;=7,x,=8.

2. Jlns kycO4HO-3aiaHHON QyHKUMHU ) = f (x)
Tpebyercs.
1) Haittu TO4KM pa3pbiBa PyHKLHMH, €CJIH OHU CYLIECTBYIOT;
2) Haiitu cka4ok (yHKLINHU B KQXKIOH TOUKE pa3pbiBa,
3) Caoenatb cXxeMaTHUECKUH YEPTEXK.

COS X, eciu x <0,
y=<1-x, eciu 0<x<2,
2
x°, eciu x>2.

3. Hccnenyiite GyHKIMIO Ha HEMPephIBHOCTh. Caemnaiite 4epTéx.

x> =4, ecnu  x<-1

y=< 3x, ecmu -1<x<3>
3, ecu x>3
Bapmuanr 3.
1. JlaHa ¢pyHKIUs ¥ = f(X) ¥ qBA 3HAYCHHS apPTYMEHTa X .
Tpebyercsi.

1) Haittu 3Ha4ueHne QyHKIUH PH CTPEMIICHUH apTyMEHTA K K&KJOMY W3 JaHHBIX 3HAUEHUH X ;
2) Onpenenutp, ABIsIETCS JIU (PYHKLUSI HETTPEPBIBHOM UJIM Pa3pbIBHOHN NMPH JAHHBIX 3HAUEHHSIX X ;
3) Crenatp cxeMaTU4eCKUIl 4ePTEXK B OKPECTHOCTH TOUEK X| U X, .

1
y=e¥ 2 x=2,x,=1.
2. JAnst KyCOYHO-33JaHHON PyHKIMU ) = f (x)
Tpebyercs.
1) Haittu TOuKM pa3pbiBa PyHKLHMH, €CJIH OHU CYLIECTBYIOT;
2) Haiitu cka4ok QyHKUIWHU B KQKIOW TOUKE Pa3pbIBa;
3) Caoenatb cXeMaTHUECKUI YEPTEXK.

- X, eciu x <0,
y= —(x—l)z, ecu 0<x<2,
x—3, ecnu x>2.

3. MHccrnenyiite QyHKIHMIO Ha HENPepbIBHOCTD. Caemnaiite 4epTéx.
3x+1, ecmu x<O0
y= x4+l ecm 0<x<l

0, ecau x>1

Bapuanr 4.

1. [Jana ¢pyskumsa y = f(X) W 1Ba 3HAYEHUS apryMEHTa X .
Tpebyercs.
1) Haiitu 3Hauenre QyHKIIUY NPU CTPEMJICHUH apTyMEHTa K KQKIOMY U3 JaHHBIX 3HAUYECHUH X |
2) Onpenenutp, ABIsIETCS JIU (PYHKLUSI HETIPEPBIBHOM WUJIM Pa3pbIBHOM NMPH JAHHBIX 3HAUEHHSIX X ;
3) CrenaTp cxeMaTU4eCKHUIl YePTEXK B OKPECTHOCTH TOUEK X| U X, .
y:2x74, x1=4,x,=-5.

x“+x-20

15



2. Jlns KyCOYHO-3aiaHHON QyHKUUHU ) = f (x)
Tpebyercs.
1) Haittu ToukH pa3pbiBa GyHKLUH, €CJIM OHU CYIIECTBYIOT;
2) Haiitu ckadok (yHKLIWHU B K&KIOH TOUKE Pa3pbIBa;
3) Caoenatb cXxeMaTHUECKUI YEPTEK.

s X, eciu x <0,
2
y=4x", ecnu 0<x<2,
0, ecnu x>2.

3. MHccrnenyiite QyHKIHMIO Ha HENPepbIBHOCTD. Caemnaiite 4epTéx.
x—1, ecmu x<0

y=4x* ecm O<x<2>

2x, ecuu x=2

Bapmuanr S.
1. Jlana ¢pyHKIUs ¥ = f(X) U qBA 3HAYCHHS apTyMEHTa X .
Tpebyercs.
1) Haiitu 3Ha4ueHne QyHKIMH P CTPEMIICHUHU apTyMEHTA K K&KJOMY W3 JaHHBIX 3HAUEHUH X ;
2) OnpenenuTs, SIBISIETCS i (PYHKIUS HEPEPHIBHON WIJIU Pa3pPhIBHON MPHU TAHHBIX 3HAYCHUSIX X |

3) CnenaTh cxeMaTHYECKUH 4E€PTEK B OKPECTHOCTH TOUEK X U X, .
1

yZSE, xl :ll,x2 =3.

2. JAnst KyCOYHO-33JaHHON PyHKIMU ) = f (x)
Tpebyercs.
1) Haittu TOuKM pa3pbiBa GyHKLHMH, €CJIH OHU CYLIECTBYIOT;
2) Haiitu ckadok (yHKLIWHU B K&KIOH TOUKE Pa3pbIBa;
3) Caoenatb cXeMaTHUECKUI YEPTEXK.

xX+2, eciu x< -1,

y= x2+1, eciu -l<x<l,

—x+3, eciu x>1.

3. Hccnenyiite GyHKUMIO HA HEMPEPBIBHOCTD. Caemnaite 4epTéx.
Nl-x, ecmu x<0
y=14-x* ecu 0<x<2’

x—=2, ecuu x>2

Bapmuanr 6.
1. [Jana ¢pyskumsa y = f(X) W ABa 3HAYEHUS apryMeHTa X .
Tpebyercs.
1)Haiitu 3HaueHne QyHKIIUN IPU CTPEMJICHUH apTyMEHTa K KQXKIOMY U3 TAaHHBIX 3HAYCHUN X |
2) Onpenenutp, ABIsIETCS JIU (PYHKLUSI HETTPEPBIBHOM WUJIM Pa3pbIBHOMN NMPH JAHHBIX 3HAUEHHSX X ;
3) CrenaTtp cxeMaTU4eCKHUIl YePTEXK B OKPECTHOCTH TOUYEK X| U X, .

1
y:ex‘7, xl :7,x2 =0.

2. JAnst KyCOYHO-33JaHHON PyHKIMU ) = f (x)
Tpebyercs.
1) Haittu TOuKH pa3pbiBa GyHKLMH, €CJIH OHU CYLIECTBYIOT;
2) Haiitu cka4ok QyHKUIWHU B K&KIOH TOYKE Pa3pbIBa;
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IIpaBuna nuddepennuposanust

N |[U = ux), V=V(x) —||Ne U = u®X), V=V(x) —
nn | anddepenunpyemoie GpyHKuHU I audp¢epenuupyembie PyHKIHH
, P IlpousBoaHast CJaOKHOH (PYHKIHH
1 uxtv)y=u =xv VI ' '
=) y=flu), v'= £,
II (u-v)' =u'v+uy DyHKUUA 3aaaHa
NapaMeTpU4YecKUMH YPaBHEHUSIMHU
; ' Vil X = X(t) d !
m | (cu) =cu’, c=const y _Yy_N
Y=y dx
!
N 1
v H _Hvouy - 0) Eewn y=[(x) w x=71"(y) —
v v B3aUMHO  oOpaTtHble  (QyHKUIHUH,
' VIII 1
v c :_c-_v' ¢ = const TO x;:?, (Y. #0).
v v (w(x)#0) *

®DopmyJibl AU PepeHuNPOBAHUS OCHOBHBIX JJIEMEHTAPHBIX (PyHKUMH

Ne | c=const, X — He3aBHCUMAS nepeMeHHasl,
mn | u = u(x) — auddepenunpyemas GpyHkuusi
1 |C=0 9 | (cosu) =—sinuv
!
2 |x=1 10 | (tgu)' = —
COoS U
u!
aN/ a-1_, 1 '
3 WY =ou™"u 11 | (ctgu) =——
SIn™ u
u!
4 | (@Y =a"Inav 12 | (arcsinu) = ———; |u|<1
N1-u?

4

u
5 (Y =e"u 13 (arccosu)'z——,_1 =

s Ju| <1

! !

- (u>0) 14 | (arctgu) =

6 | (log,u)= i

na

7 | nuy =2 @>0) 15 | (arcetguy =—
u

8 (sinu) =cosuu

IIponssoanasn coxHON U oOpaTHON PpyHKIMI

Onpenenenune. Ilycte yv=f(u) u u=¢(x) , torna y= f(e(x)) - cjaoxHasgs QYHKIUS C
MPOMEKYTOUHBIM apryMeHTOM X W HE3aBHCHMBIM apryMeHTOM X .

Teopema. Ecniu ¢yHkums u = ¢(x) umeer Npou3BOAHYIO u#'(X) B TOUKe X , a (PyHKIHS
y = f(u) umeer npou3BOAHYIO y'(#) B COOTBETCTBYIOIIEH TOUKE # = @(X), TO CIOXKHAs (PYHKIIHS
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yv=f(p(x)) wuMeeT NPOM3BOAHYKO »'(X) B TOYKE X KOTOpash HAaxoguTcs 1o ¢opmye

Y'(x) =y ()xu'(x).
IIpaBu10 HAXO0KAEHHS NPON3BOAHOH CJI10KHON PyHKUMHU:

JUis HaXOXKOEHHsI MPOU3BOAHOM CJIOXKHOH (PYHKIIMU HAIO MPOU3BOAHYIO NAHHOH (PYHKLHH TIO
MPOMEXKYTOUHOMY AapryMEHTY YMHOXHTb Ha MPOU3BOAHYIO NPOMEXKYTOYHOIO AapryMeHTa IIo
HE3aBUCHUMOMY apryMEHTY.

OTO NpaBUIIO OCTAETCS B CUJIE, €CIIU MIPOMEKYTOUHBIX apT'YMEHTOB HECKOJIBKO.

OopaTHas pynkuus
Onpenenenue. Ilycts 3anana Gpynkus y = f(x) ¢ obnactero onpenenaeHus D 1 MHOKECTBOM

3HaueHHd E . Eciy kaknoMy 3Ha4eHUI0 ) € £ COOTBETCTBYET €IMHCTBEHHOE 3Ha4YeHue x € [, To
onpeneneHa GyHKUUs x = @(y) ¢ o0NacTeiO onpeneneHust £ U MHOXKEeCTBOM 3HaueHuit D (pucl).

Takas Qyskims x = ¢(y) HaseiBaercst obparroii k ¢ymxumn V= f(X) u 3amuceBaercs B

cnemyromem Bume: x =@(y)=f '(y). Ipo dysxumu x = @(y) u y = f(x) TOBOPAT, 4YTO OHHU
SABJIAKOTCA B3aUMHO O6paTHbIMI/I.

-/

A
v

3 3
DHDy=—nx=—
X Y
2y y=x+1 u x=y-1
3) y=2x-3 m x:yT+3
( dgst Toro, utobbt myist pyHkumu y = f(x) HaiiTu 0OpaTHYRO (QYHKIHIO HAIO MepeMeHHY X

BBIPA3UTh YepPe3 MEPEMEHHYIO V).
Teopema. Ecnu pynkius y = f(X) cTporo MOHOTOHHA Ha MHTepBase (a;b) U NUMEeT He PaBHYIO

HYJIFO TPOU3BOAHYIO f'(X) B NMPOM3BOMHOW TOYKE 3TOTO MHTEpBaia, TO OoOpaTHas eil (yHKIUs
x=@(y) TakkKe HMEeT MPOVM3BOIHYK @'()) B COOTBETCTBYIOUIEH TOYKE, OIMpPEenessieMyIo
1

paBeHCTBOM @'(y) =

1)
ITpumep 1. Hafiti nponsBoaHble GyHKUNHA:
4 : 1% arctg2t
a) y=3x"+3/x’ ——; 6) s=(¢' —2In¢)sint; &) u = ctg’ 30 7= ﬁ
X +

Pemennue.
a) Ucnonw3ys npasuna I, 111 u popmyny (3), noxyunm:

V=G0 + 307 - 47 0) =3(x°Y + (1) — 4y =
=35x* +§x‘”3 —4(=3x7*")=15x* +L+E

3fx
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6) Ucnonwsys mpaswmna muddepenunpoBanuss npoussenenus gyaxouidi 1, pasHoctn I,
dopmyisi (5), (7), (8) u yauThIBasi, 4TO HE3ABUCHUMAsI EPEMEHHAst €CTh t, T. €. t=1, moxyuum: [

s=[(e' =2Int)sint]' = (e’ —2Int)'sint + (¢’ — 21In¢)(sint) =
((e") =2(Int))sint + (¢' —2Int)cost = (e’ - %jsint +(e' = 2Int)cost.

B) Cnoxnas  cremeHHas — (QyHKOMS,  HE3aBUCHUMaslh  IMEpPEMEHHas  eCTb  V
T. €. v=1;[] ucnone3ys popmyiy (3), momy4um:

| (3 |-o(oe3 ) o3)

2

!

3

zztctgzj _@ _

1 % %

— 2ctg — 5 €OS

3 SmZX 3SmZX 3 sin3X
3 3 3

r) Hcrmonmesys npaBuna  muddepeHumpoBanust  wactHoro IV, cymmer I, 1T

u popmyel (3), (14), yuursisasi, uro t=1, moxyunum:
, (arctg2t j _ (arctg2t)(1+4%) - (arctg2r)(1 + 462

2

1+4¢° (1+41%)°
2ty 2 ,
1ear (14+4¢7)—arctg2t(0+4-2¢) 2 Srarctg2

- (1+41%) C (1+47)
ITpumep 2. CocTaBUTh ypaBHEHHE KacaTeNbHONW W HOPMaJU K KPUBOH ) = \/xz — 3 B TOUKE C

abcrmccoit xo=2.
Hcnonb3yem ypaBHEHUs KacaTenbHOH (2) u HopMai (3):

D ¥(x)=p(2)=v2" =3 =;

2) V0 = (5 =3 2) =20 =3) 208 -3 = 2 -3) 22x = e
=
2

y'(xo):y'(z): \/ﬁ

IToncraBum X, y(xo ), y'(xo) B YPABHEHHS U MOJyUUM: } = I+ 2(x - 2),

=2.

i 2X — y- 3=0— YpaBHEHUE KacaTeIbHOM.
1
y=1- E(x —2), wm X +2y —4=0— ypasnenue nHopmam.

IIpumep 3. Haiitu nDpPOU3BOAHYIO y; , ecnn (QYHKUMA 3aJaHa MapaMeTPHYECKH:

x=1In(5-21)
{y = arctg(5 - 2¢).
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!

Yo
=
t

Ucnonbsyem npasuno VI ) =

S -2y 2

Y52t 5-21
(5= )
Ve = 2 - 2
I1+(5=-2t 1+(5-21)
, -2 -2 5-2¢ 5-2¢
Y

C1+(5=20%'5-2t 1+(5-20)> 42 =20t+26
[Tpumep 4. Beraucautb MpOU3BOIHYIO CIIOKHOHN (PyHKLINU:
) y= 1n(e4x +ie™ +1).

Pemenue:

y= 1n(e4x + m): ‘(ln u) = i(u)

= ! )(e4x +m) =

(e4x+3 er+l

4e™ + 4e3(e4x + 1)%
v )

2) y= xarctg(2x+l)—%1n(1+ xz);

Pewenue

y = (x)'arctgx+x(arctg(2x+l) | —%xl ! > (1+x2)' =
+ X

X

=1xarctgx + (2x + 1)' - iz = arctgx +
2(1+x

X
1+(2x+1)7 ) 22 +2x+1 1+x>
[Tpumep 5. [oap3ysich npasuioM auddepeHunpoBanus oOpaTHON HYHKIINH, HAWTH POU3BOAHYIO
byHKIUH Yy = V-1
Pemenne: O6parnas Gynkuus X = y° +1 umeer nponssoanyo X , =3y° . Clie0BaTebHO,
1 1 1

Yi=—r= = .
Xy 3y* 3x3/(x —1)

[Ipumep 6. Haittu npoussonnyro Gynkuun ¥ =X~ norapudmmdeckum nuddepeHImpoBaHueM
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y=x
Iny=Inx"

Iny=x-Inx
(ln y)' = (x-lnx)'

=1-lnx+x-l
RS

CoaepxkaHue NpaKTHYECKUX PadoT:

IIpakTnyeckoe 3ansiTue Ne 6.
1. Hafitu mpousBoHbIe 1-T0 MOPSIKA NAaHHBIX (YHKIHIA

1) a)y=3x" —%—(‘/x—f’; 6)s = (1+1)(2—3arcctgt),
X

2
2) a)y =5x——+3x°; 6)s = (4—3In1)(5+ 2sino);
X

4
3)a)y= 7x’ +i6—€/x_2; 6)s =(3—cost)(5+6sint);
X
4) a)y=5x’ +i4—§/x_7; 6)s =(3t° —4)(t —2cost);
X

S)a)y=x —£+2(/x_5; 6)s=l4(4+arctgl);
X

3

6) a)y=x"+ 1 2%/;; 0)s = (3+tgt)(1—4ctgr),
x

2. CocTaBHUTb YpaBHEHHE KaCATENBbHON U HOPMaJH K KpUBOH y=f(X) B TOUKe

¢ abcLucco Xo.
2
x =3
1) , X, =1

X
2) V5-x, x, =2.

2
3) % ;3’“, x, =1,

4) \[x +2x, x, =9.

2

x, =1.

S ,
)x—2

6) V1+3x, x, =1.
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IIpaxTHueckoe 3ansaTue Ne 7.

1. Haiitu mpoussomnyto V.. byHKiuu y = y(X), 33aHHOM MapamMeTpUuecKy: {

X =sin2¢
{ y =cost
x =cos(2¢+6)
=sin(27 +6)

3)

=

)

= < =
||

5)

x=(1-1)
cos(t )

y= (l 4ty?

6) X =ctgft
y=r+1
2. Hafinute npon3BOAHYO (QyHKIHMH:
Bapuanr 1

1) y:(3x5+8x3+7x2—\/§)5
2) y=+2-5x+(3x-5)°
4
3) :(3x—5)
(2x —4)°
Bapuanr 2
4
1) y:(4x6—7x2+9x+%]

2) y=(9x—-1)° +45-x*

3) = (5-2x)°
(3x+7)*
Bapuanr 3

4
1) )/:(4x3 ~9x? +3x—%]

2) y=(2x-9) +3x—1
3 ::(8——5x)z
(2x—-4)
Bapuanr 4
1) y=(8x°-25x" —8x+7)’
2) y=(3-8x)° +5-2x
3) :(4—8x)i
(6—5x)
Bapuanr S
1) y:(—2x7+4x5—\/§x)4
2) y=(8x—7) +9-3x

23
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4

3) y= (4x-9)"
(3-5x)°

Bapuanr 6

5
1) )/:(7x5 - 2%’ +8x—%j

2) y=(3-8x) +44-x’
3) :ﬂ
(4x+7)

IIpaxTHueckoe 3ansaTue Ne 8.
1. Haiiaure npou3BoaHyio GpyHKIMH:
Bapuanr 1

1) yzz+3\/;—tg2x—3x
X

2) y :co{x+2?ﬂj —lg[x—%j

Bapuanr 2

1) y:§—2\/;+cos3x—£2x
x

2) y=sin x—2—” —ct; x+5—”
4 3 8 6

Bapuanr 3

1) y:i+5\/;+ctg2x+5x
X

2) y= sin[x - %j - lg[x + %j

Bapmuanr 4

1) y:sin3x—l+6\/;—£4x
x

2)y :co{x—%j —lg[x +2?ﬂj

Bapuanr S

1) y:—E+2\/;—ctg3x+5x
X

2) y= lg[x + %j - sin[x - %)

Bapuanr 6

1) y=—§—7\/;+sin2x—£3x
x

/4 3
2) y=ctg| x+— |—cos x ——
) g[ 4j [ 4j

2. HatitTi mpousBoHyto (GyHKIMHU Jorapugmudecknm nuddepeHnnpoBaHiemM
1) y= (sin x)cosx
2) y=(cosx)’
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3) y:x]nx

4) y= (sinx)lnx
5) y — xCOS)C

6) y = (tgx)""

IIpaktuueckue 3ansatus Ne 910,11

Tema: Bropast npoussoanas. IIpousBoaHbie BbICIINX MOPSAKOB.
Tema: IIpousBoanbie u muddepeHuaNbI BHICHIUX MOPSAIAKOB.
IHpaswio Jlonurass.

Tema: HaxoxaeHue npou3BoaHOH HPPALHOHAJBHBIX (PyHKIMIA.

Heas: chopMupoBaTh YMEHHE HAXOOWTh MPOU3BOAHBIE N-TO Mopsaka (YHKUWH, 3aJaHHBIX B
SBHOM, JIOTAPU(PMHYECKOM M MapaMeTPUYECKOM BHIE, HAXOIUTb MPOM3BOIHBIE CIIOKHBIX
(byHKUMH, IppaLMOHATBHBIX (PYHKLUUH, MPUMEHATD MPaBUIIO JlomuTans st HaXOXKIEHUs IPEIENOB.

TeopeTuueckue cBeieHHSI:
Ilpou3BoaAHOIi nN-ro mNOpsiAKA HA3bIBAECTCS MNPOU3BOAHAS OT NPOU3BOAHOH (n—1)-ro
MopsifKa. IIponssoaHbie BBICIINX MOPSAKOB BBIYUCIISIFOTCS MOCJIEIOBATEIbHBIM

mddeperurpoBanremM naHHOH PyHKIHMH.
2

IIpoussonHast BTOPOro nopsiaka y” = (y')' 150051 ﬁ

d3
IIpoussonHas TpeTbero nopsiaka y”’ = (y")' 150041 d—); UT. IO
X

Mpasuio Jlonurans. [Ipenen otHomenus nByx 0.mM. | — | wim 0.6. | — | ¢yHKUMii paBeH
o0

npeneny OTHOLICHWS WX TMPOU3BOAHBIX (KOHEYHOMY WM OECKOHEYHOMY), €CJIH TMOCIEeIHUN

CYLIECTBYET:
f(x) . f(X)

lim £~ = lim £~ )
!
)C—))CO (p(x) )C—))CO (p (x)
Urobbl ucmonb3oBaTh NpaBuiio Jlonmurtais ANl PaCKPBITUS HEONPENeNEHHOCTEH APYyrux
THUIIOB, BBIPAXKEHHE TIOJ] 3HAKOM IIpeJieNia CIeAyeT Mpeo0pa3oBaTh SJEMEHTAPHBIMU CIIOCO0AMH TaK,

0 o0
YTOOBI MOJYYUTh HEOTIPEAEIEHHOCTh | — | WJIM | — | W 3aTeM UCHOJB30BaTh Gopmyiy (5).
o0

Hudpdepenuuan GyHkuuu
Onpenenenne. Ecu ynkuus Y = f(x) nuddepeHupyemMa B Touke X | T.e. MMeeT B 3TOil

TOUKE KOHEUHYIO MPOM3BOAHYIO [ (X) , TO ee TMpupalieHue Ay MOKHO 3alucaTh B BHIE
Ay = f(X)Ax + a(Ax) x Ax, tie |ym «(Ax) =0.

Ax—0
FnaBHas[, JIMHEHHAsT OTHOCHUTEIBHO A.X qacCcTb f’(x)Ax npupameHus (1)YHKLII/II/I Ha3bIBACTCA

anddepenunanom pyHkuun u odo3Havaercs dy :

dy=f'(x)xAx. (dy = f'(x)dx)
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IIpu nocratouHo manmeix Ax mpupaimneHue GyHKUMH NPUOTUKEHHO paBHO ee nuddepenimany

T.e. Ay~dy.
ITpumep 1. Haiitu npon3BoAHy0 BTOPOro nopsinka pyHkuuu Y = x*Inx.
Pemenne. V' =()'), nmostomMy HaiinéM TPOM3BOAHYI ~ TIEPBOTO  TIOPAMKA,

a 3aTEM BTOPOTO.

VY =(x’Inx) =(x*)Inx+x*(Inx) = 2xInx + x* L dyinxtx= x(2Inx +1).
X

V'=(xQ2Inx+1)) =XQCInx+1)+x2Inx+1) :2lnx+1+x2 =2Inx+3.
X

IIpumep 2. Haiitin mpenensl, UCHOB3Ys NMpaBmio JlonuTans UM 3JeMEeHTapHbIE CIIOCOObBI

PACKPBITHSI HEOTIPEAEIEHHOCTEN

. 4 +2x-3 . 2xX* +15x+7
a) lim————; 6) lim — ;
o X" +6 =7 x” +5x—-14
Pemenue.
OMNpeneInuM mpeaen

a) IloxacraBnsiss B (yHKUIMIO BMECTO X NpeneibHOE 3HAa4YeHHe O

YUCJIHUTEIIA U 3HAMCHATCIIA.
: : 2 3 2 3
lim(4x’ +2x—3):11mx3(4+—2——3 =w4=00, 1.k ——>0, 5—0.
X—>0 X—>0 X X X X

Ananormuro: lim(x* +6) = oo,

X—>0

o0
—j . Ucnonwp3zyem npasuiio Jlonurans:

Hmeem HeompeneneHHOCTb BUAA (
o0

4x° +2x-3 . (X +2x-3) . 12x*+2 (o

e A :
x> X" +6 o (X7 +6) xoo Dy ©
2 !
1im32 D i 2 i1y = oo,
x—>00 (2)(7)' x> ) x—>00
2 _ 2 _
5 hm2x2 +15x+7:hm2( 7)2 +15( 7)+7:(9j:
=>7 x*+5x—-14 =7 (=7)" +5(-7)-14 0

(2x* +15x+7) ~lim Ax+15 _ fim A-T)+15 _-13 13
— 5"

= lim — —=1 =
=7 (x"+5x-14) =7 2x+5 =>72(-T)+5 -9

IIpumep 4. Haiitu muddepennmans GyHKUNHN:

a) y=X+C0S2x; 6) u=3+¢e ", B) s=In3t.

Tt mubbepenmmana dyrxiun V= V(X) cnpasemmmsa dopmyma dy = y'(x)dx, 1. e.
middeperunan QyHKIMHM PaBeH NMPOU3BEACHHUIO MPOU3BONHOW OT (QyHKUIUHM Ha IuddepeHnran

HE3aBUCHUMON MEPEMEHHOM.
Pemenne.

a) dy =(x+cos2x) dx=(1-sin2x2)dx = (1-2sin2x)dx.
6) du=3+e ") dx=e"(—1)dx =—e"dx.
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B) ds=(In3¢)'dt = @dt = idt = 1dt.
3t 3t t

CoaepkaHue NpaKTHYECKUX padoT:

[pakTuueckoe 3ansaTHe Ne 9
Haiit mpousBoHy0 BTOpOro nopsiaka GpyHkomn y=f(x).
1) y=Inx+9
2) y=cosx—Inx
3) y =sinx+x"
4) y=x"+sinx
5) y=x+Inx
6) y=3e" +2x

HpaxkTuueckue 3ansaTus Ne 10, 11
1. Haiitu npenenbl, UCOAB3ys npasuio Jlonurans.

. 16 —x*
D lim————;
=4 x° —5x+4
—Sx
2) lim&——1.
=0 arctg x

3) lim—82Y
0] —cosx

x—1/3 1 — 3x
‘ 4sinx _ 1
5) lim

x>0 sin3x
2
X —x-2

6) lim

x—2 X — 2
2. Haiitu nuddepenunanst GyHKIHA:

Bapuanr 1
Haiinure nuddepennuan pyHkumu:
1. y=3x"+8x +7x? -3

Bapnanr 2
Haiinure nuddepenuuan GpyHkunu:
1. y=4x°-7x* +9x+%

2. y:_E+2\/;—ctg3x+5x 5 _ ,
X 2. y=———7\/;+sm2x—£x

: y:(—2x7+4x5—\/§x)4 * 5
4 y=(8c-7) 0 I
=% 4. y=(3-8x) +vJ4-x’

5 :M
(4x+7)*
Bapuanr 3 Bapmnanr 4

Haiinure nuddepenuuan GpyHkumu:

y=7x> -2x° +8x—§
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Haiinure nuddepennuan GpyHkunu:
y==2x" +4x° - V3x



2. y:—§—7\/;+sinx 2. y:—%+2\/;— ctgx

y=(3x" +8x +7x* —\/5)5

3.
4. y=2-5x+(3x-5)°

4
3. )/:(4x6 —7x* +9x+%]

5 _ (3x-5)° 4. y=(9x—1)° +45-x>
' (2x—4) 5 y_(5—2x)3
' (3x+7)*
Bapuanr S Bapmuanr 6
Haiinure nuddepennuan GpyHkumu: Haiinure nuddepenuuan GpyHkumu:
0.6 2
1. y=8x"-25x*-8x+~x 1 y:4x3—9x2+3x—§

2. y:i+5\/;+ctg2x+5x _ 1 ,
X 2. y:sm3x——+6\/;—£x
X

14
3. y:(4x3_9x2+3x—§j 3 y:(8x6_25x2_8x+ﬂ)5
4. y=(2x-9)" +3x—1 4. y=(3-8x)’ +45-2x
5y ) (4-8x)’
5. y=(8 Sx) 5 :ﬁ
(2x—4)° (6-5x)

IIpaktuueckoe 3anstue Ne 12

Tema: UccaenoBanue GyHKIMM ¢ MIOMOIIBI MPOU3BOIHOM
Henab: Ucnonb3ya TEOPETHUECKHII MaTepuas U 0Opa3Lbl PEeLIeHUs 3a1a4, PEIIUTh IPUMEPHI IO TEME
«Hccnenopanre (GpyHKIMM MPU MOMOIMY MPOU3BOAHBIX. McciaenoBaHue U MoCTpoeHue rpadukos
CJIOJKHBIX (DYHKLIUID»

TeopeTuyeckue cBeeHHSI:
Hccnenosanue (pyHKIUH NpH NOMOIIH Npou3soaHbIX. HexkoTopbie Teopembl 0
au(ppepeHIUPYeMbIX (PYHKLIHSIX.

Teopema Poans. Ecmu ¢Qysxmus YV = J(x) HENpepblBHA HA  OTPE3Ke [a;b] ,
muddepeHunpyema Ha uHTepBasie (a;b) W Ha KOHIAX OTpe3Ka MPUHUMAET OJUHAKOBBIC 3HAYCHHS

S (a): / (b), TO Haiiercs XoTa Obl ogHa Touka ¢ € (a;b), B kOTOpOi NpOM3BOAHAS S (x)

oOparnaercst B HyJb, T. €. f (C) =0,
Teopema Kommu. Eciu dyaximuu Y = f (X) uy =(0(X) HETIPEPBhIBHBI HA OTPE3KE [a;b],

muddeperunpyemer Ha uHTEpBasNe (a;b), nmpuuem (0' (x)# 0 ana xe (ab) To Haiinercs xoTst GbI
f®)-fla)_ 1)
o(b)-ola)  ¢'(c)

Teopema Jlarpanxka. Ecmm ¢yskmus V= f (X) HETIPpEPbIBHA HA OTpPE3Ke [a;b] ,
muddepeHuupyema Ha uHTEpBaje (a;b) ¥ Ha KOHIAX OTpe3Ka MPUHUMAET OAMHAKOBBIC 3HAYCHHUS
f (a): f (b), TO Halgercs XOoTs Obl ofHA To4ka ¢ €(a;b) Takas, 4TO BBINOJHIETCS PABEHCTBO
f)-fla)=1 ()b -a).

CaencrBue 1 Ecnmu mpou3BomHash HEKOTOPOW (PyHKIMM Ha TPOMEXKYTKE pPaBHA HYJIO, TO
(YHKLMS TOCTOSTHHA Ha 3TOM MPOMEXKYTKE.

onHa Touka ¢ €(a;b) Takas, 4TO BBHIMOIHAETCS PABEHCTBO
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Caencrsue 2 Eciiu 1Be (yHKUNH UMEIOT PaBHbIE IPOM3BOIHBIE HA HEKOTOPOM IPOMEXKYTKE, TO
OHH OTJIMYAIOTCS IPYT OT APYyra Ha MOCTOSIHHOE CllaraeMoe.

Bo3pacranue u yobiBanue pyHkumii

Teopema 1. (HeoOxonumeie ycnosust). Ecnn nuddeperunpyemast Ha nntepsane (a;b) QyHKIus

yv=f(x) BO3pacraet (yosiBaer), 1o f'(x) >0 (f'(x)<0) mnsa moboro x € (a;b).

Teopema 2. (mocrarounele ycnosusi). Ecmu ¢ynkmus Y = S (x) muddeperunpyema Ha
uHtepBasie (ab) u f'(x)>0 (f'(x)<0) mua moboro x € (a;b), 10 3Ta YHKUIHA BO3pacTaeT
(yObiBaet) Ha uHTEpBase (a;b).

Teopembl | m 2 MO3BOJSIOT AOBOJBHO MPOCTO HCCIEAOBATh (PYHKIHMIO HA MOHOTOHHOCTB
(pyHKIus, yObIBarOIAs MM BO3PACTAIOIIAs], HA3bIBAETCS] MOHOTOHHOM).

Hpumep. Uccnenosars pyHKIMIO f (x) =x>-3x-4 Ha MOHOTOHHOCTb.
Pemenue:
X € R = (—o0;+m)
f'(x)=3x>=3=3(x-Dx(x+1)
+ - +

-1 | 1
f'(x)=0 mpu x e (—owo;—1]U[l;+w)
f'(x)<0 mpu xe[-11]

Otsert: nannas QyHKIUsS Bo3pacTaer npu x € (—wo;—1]U[L;+0) u yosBaeT x €[—1;1]

MakcumMyM 1 MUHUMYM (QyHKIHH
Teopema (HeoOxonumoe yciaosme). Eciu nuddepenuupyemas ¢yHkumsa Y = S(x) umeer
SKCTPEMyM B TOUKE Xj, TO €€ MPOU3BOAHAS B 3TOM TOUKE paBHA HYJIIO: f (x ) =0.

Teopema (mocraTouHoe ycjoBue 3KcTpemyma). Eciu HempepbiBHast GyHkmus )V = Sf(x)
muddepeHupyeMa B HEKOTOPOii & -OKPECTHOCTH KPUTHUECKOH TOYKM X( M IpH TEepexofe uepes
Hee (ceBa Ha mpaBo) mpomssogHas J (X)MeHsieT 3HaK C IUIOCA HA MHHYC, TO X €CTh TOUKA

MaKCUMyMa, C MUHYyCa Ha IUIKOC, TO x() - TOYKa MUHUMYyMa.

YnoObHO WCHONB30BAaTh APYrodl IOCTATOYHBI NPU3HAK CYLIECTBOBAHUS JKCTPEMyMa,
OCHOBAHHBIN HA ONPENEICHUH 3HaKa BTOPOH MPOU3BOAHOM.

Teopema. Ecim B TOouke X, mepBas mnpousBoaHas ¢QyHKIum Y = f(x) paBHa HYJIIO
(f'(x)=0), a BTOpast MPOU3BOHAS B TOYKE X, CyIMECTBYeT U OoTin4Has oT Hyns (f"(x) = 0), To

npu f"(x,) <0 B TOuKe X, QyHKIUSI UMEET MAKCUMYM ¥ MUHUMYM - ipu f"(X,) > 0.

Beinykaoctes rpadguxa ¢pynkuun. Touxn neperuda
Touka rpaduka HempepbiBHOW (yHKIMU YV = f (x) , OTHENSIFOINasl €ro 4YacTH pPa3HOu
BBIITYKJIOCTH, HA3bIBAETCs TOUKOH meperuda.
Teopema. Eciu ¢pynkumst ) = J(x) Bo Bcex Toukax uHTepBana (a;b) UMeeT OTPULIATEITHHYIO
BTOPYIO MPOU3BOAHYIO, T.€. f"(x) <0, To rpaduk PyHKLUHU B STOM HHTEPBAJIE BBITYKJIbIH BBEPX.
Ecmm xxe f"(x) >0 nust moboro x € (a;b) - rpaduK BBITYKIIBbIA BHU3.
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Teopema (mocTaToyHoe YCJIOBHE CYIIECTBOBAHHS Todek mneperuda). Eciou BTOpas

npousBoAHas f"(x) mpu mepexome uepe3 TOYKy Xy B KOTOPOHl OHa paBHA HYJII0 WA HE

CYLIECTBYET, MEHSIET 3HAK, TO To4ka rpaduka ¢ abcuuccoit X () ecTb TOuKa neperuda.

AcumMnToThl rpadpuka GyHKIHH
AcumnToTONH KpHUBOHN Ha3bIBaeTCs MpsiMas, PaccTOSHUE 10 KOTOPOH OT TOYKH, JieKalleil Ha
KPUBOMH, CTPEMHUTCS K HYJIKO MPHU HEOTPAHUYEHHOM YIAJICHUHU OT Hadajga KOOPAMHAT 3TON TOYKHU MO
KPUBOM.
AcuMITOTHI OBIBAIOT BEPTUKAIBHBIMH, HAKIIOHHBIMH U TOPU30HTAIBHBIML.
IIpsimast x=a sBIsieTCS BEPTUKAIBHOM acHUMNTOTOW rpaduka ¢(yHKumm ) = f(x), ecmm

him f(x) =0, umu |y f(x) =0, mma |y f(x) = .

x—a x—>a—-0 x—>a+0

Ecnu cymectByer HakyioHHass acumnTora y=Rx+b, To R u b Haxomutcs mo ¢opmyne:

R=lim=. b=lim-Rv).

X—>w0 X—>00

Ecnu R=0, To y=b- ypaBHeHHE TOPHU30HTAILHOW aCUMITTOTHL.
O0masn cxema uccjienoBaHus (PyHKUHH U NOCTPoeHUus rpapuka GyHKIUH

Hccnenosanne QyHKIuN LenecooOpa3HO BECTU B ONPENENICHHON MOCIEA0BATEIbHOCTH.
1. Hafitu oOnacTe onpeneneHust QyHKINH.

2. Hafitu (eciu 3TO MOYKHO) TOUKH IepecedeHust rpaduka ¢ OCIMU KOOPAHHAT.

3. Haiitn uHTEpBaNbl 3HAKOTIOCTOSHCTBA (PYHKIUHU (TIPOMEXKYTKH, HAa KOTOPBIX f (X) >0 ummn

J (%) <0).

4. BBISICHUTD, SIBJIACTCS TN (PYHKIHS YETHOH, HEUETHOH M 001Iero Buja.
5. Haiit acuMnToTel rpaduka QyHKIHH.

6. Haiitu uHTEpBaJIbl MOHOTOHHOCTH (DYHKLIUH.

7. Haiitu 3kcTpeMyMbl YHKLINU.

8. HaliTu nHTEpBaIBI BHITYKJIOCTH U TOYKH reperuda rpaduka GyHKIuH.

— ¥ IIOCTPOUTH ee rpaduk.

Hpumep. Uccnenoats GpyHKIHIO y = "

1. x € (—oo;—1),(—=L1),(1+ o)
2.x=0,0)=0
Touka (0;0)- Touka nepeceuerns rpaduka ¢ ocsmu OX u OV.
3. @ysknus 3HakomosoxutenpHa (y>0) B umHTepBamax (—oo—1) um  (0;1)
3HakooTpunarenbHa — B (—1;0) u (1;4+00)

2

4. Oynkuus y =

. -X X
—  SBISIETCSI HEYETHOM T.K. y(—Xx) = ~=- >
1-x 1—(—x) 1-x
CrnenoBarenbHO, rpaduKk €€ CUMMETPUYEH OTHOCHTENBPHO Haudana kKoopauHat. s mocTpoeHus
rpaduka 10CTaTOYHO HCCIenoBaTh ee nmpu x > 0.
5. Ilpsaimble X = 1 1 X = -1 ABJIAIOTCS €€ BEPTUKAJIbHBIMU ACUMIITOTAMHU.
BrrsicHuM Hanuuye HaAKJIOHHOW aCUMIITOTBL
X
ERTON o SR TR S

R=lim——=lim 0

7 =
X—>0 X0 l—X

=-y(x).
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3apanme. VMccrnenoBath PyHKIHIO U TOCTPOUTD €€ rpaduk:

BapuanTt Ne 1 Bapuant Ne 2
1. y:X3_3X2 + 4‘ 1 y:lX3_X2 — 3X + l
2 _5-2x 3 < 3
. y X2—4 2 y:X2_1
Bapuant Ne 3 Bapuant Ne 4
1. y=—x3+3x% -2 1. y=—x3+3x% -2
%2 %3
2. Y=z 2. Y=z
Bapuant Ne 5 Bapuant Ne 6
1. y=x3—-12x+6 1. y=x3 — 12x%-9x+1
7 _ 2x 7 _ 1
-y x2+1 -y x2+1

IIpaktuueckoe 3ansatue Ne 13

Tema: MeToabl HHTerpupPOBAHUS HEONPEAEJICHHOT0 HHTErpaJa.

He.]'le C(I)OpMI/IpOBaTb YMCHHUE BbIUUCIIATE HCOINPCACJICHHBIC HWHTCIPAJIbl, HWCHOJIb3YyA
Pa3JIMIHBIC METOABI UHTCTPUPOBAHUA.

TeopeTuyeckue CBeeHHSI:
DyHKIUA F ()C), OIIpEOCIICHHAsl HAa HHTEPBAJIC (Cl,b), HA3bIBAETCS MEPBOOOPA3HON IS

pyHKIHH f(x), OTIPEIETIEHHOM Ha TOM K€ MHTEPBAJIE (Cl,b), eciu F'(X) = f(x)

Ecma F (x) — neppoobpasHas ais GyHKIEH [ (x), To Jrodasi mpyrast mepBooOpasHast
CD()C) ans gyakuun [ (x) otnuyaercs ot [* (x) Ha HEKOTOPOE MOCTOSHHOE CJIaraeMoe, T. €.
CD(x) = F(x) +C, rne C — const .

HeompenieneHHbIM MHTErpajoM OT (QyHKimu | (x) Ha3bIBAETCS COBOKYITHOCTb BCEX

nepBooOpasHbIx st 3To  QyHkumu.  OOo3HawaeTcs — HEONpPENENeHHBI  MHTErpal:
If(x)dx =F(x)+C, rne F'(x)= f(x), C —const.

Onepauuss  HaXOXACHUNW  TEPBOOOpAa3HOW  aisi  NaHHOW  (DYHKIMM  HA3bIBAETCS
UHTEerpupoBaHueM. MHTerprupoBaHue sBIsieTcs 0OpaTHOMN onepanueil k qudQepeHInPOBAHHUIO!

(] f(x)dx)' = 7 (x).

Jns  TpoBepKH — TMPABWJIBHOCTH  BBITIOJIHEHHOTO  WHTETPUPOBAHUS  HEOOXOAMMO
npoaudepeHINPOBaTh Pe3yJbTaT HHTETPUPOBAHHUS W CPABHHUTH TOJNYYCHHYIO (YHKIUIO C
MOJBIHTErPATBHOM.

CBolicTBa HeoNpeAeJTeHHOT0 HHTErpaJja:

L ([ r(x)ax) = £(x). ] f(x)dx=f(x)d
2. '[dF(x):F(x)+C;
3. [k (x)dx =k £ (x)dx, k — const;
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4. .(f(x)+g(x))dx = J‘f(x)dx+J‘g(x)dx

Tabaua 0CHOBHBIX HHTEIPAJIOB

1. .OduzC; C = const; 2. Idu=u+C;
a+l
5 [utdu=L—+C, ax-1 3a.jﬂ=2\/5+c;
’ a+l1 \/;
- d u
4, —u:1n|u|+C; 5. a”du:a—+C;
Y u Ina
6. |e"du=¢e"+C, 7.Icosudu=sinu+C;
8. .sinuduz—cosu+C; 9.J. —=tgu+C,
' cos™ u
c du
10. =—ctgu+C; 11. —arcsm +C
Jsinu 8 J.J
- 1
12. L:In‘zw wta’|+C; 13. J.ﬁz—arctg—+C;
S+ P u +a a a
14. '%:ilnu_a%?; 15. .d—uzlntgz +C;
‘u-a 2a |u+a sinu 2
o du =In|tg (£+EJ+C; 17. Itgudu=—1n|cosu|+C;
Y cosu 2 4
18. .ctgudu=1n|sinu|+C.

Kaxnas w3 npuBeneHHblx B Tabnune (opMmyn chpaBemiiBa Ha MPOMEXKYTKE, He
coneprKameM TOUYeK pa3pblBa MOABIHTEIpaNbHOW (YHKUIMU. BbIUHCIEHHE WHTErpajoB C
UCTIOJb30BAHMEM  TaONUIBI M OCHOBHBIX  CBOHCTB  HAa3bIBAIOT  HEMOCPEACTBEHHBIM
UHTETPUPOBAHUEM.

IIpumep 1. Ionb3ysick TabnuLe OCHOBHBIX WHTErPAJiOB M CBOHCTBAMM HEOIPEIENIEHHOTO
UHTErpaja, HaiTH HHTerpabl (pe3yJbTaT HHTErPUPOBAHUS POBEPUTH A depeHunpoBaHneM):

3 W2
a)f > —3x4+1+23/x_5]dX; 6)J. —11x§+2+3-5x+—16 X dx.

Jx?+7 x 4+ x
Pemienue.
3
a)_[ \/x25+7—3xx4+1+2§/x—5jdx:_[(—,x25ﬁ—%—%+2xs/6jdx:

HICTIONTB3YEeM CBOVICTBA 3 M4 Mpa3oObbeM MHTETPaAJI OT CyMMEI
(pyHKIIMM HA CYMMY UHTErpasioB, TIPU 3TOM ITOCTOSTHHBIE =

MHOKUTCIIU BBIHCCCM 34 3HAK MHTCIpajIoB

6 IIposepka:
B 3"-@ B J-x’4dx N 2_[x5/6dx _ {I/ICHOJ'II:SYGM Ta J'II/ILIHBIG} _
x

uHTerpane: 12, 4,3

zst
Jxr+7
—4+1 5/6+1
:51n|x+\/x2+7 —3ln|x|— ad +2- ad +C =

—4+1 5/6+1
= 51n|x+\/x2 +7 —3ln|x|+

o +%x11/6 +C.
X
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\/ﬁ)C T
5 2 3 1, g 5 2

= +—-5"In5+4-1-=2x"" = : +
V22,11 2 " In5 2 V22 241147
2 2
1355 do x> V112 g e (4m0)(dra)
T2 2 (241147) 4+x
W2
=;2+3-5x+16 al — BEPHO.
2+11x 4+ x

MeTtoa 3aMeHbI NEPEeMEHHOH

Teopema 1. Ilycts X = ((t) MoHOTOHHAs1, HempepbiBHO muddepeHIupyeMas (PyHKLHUS,
TOTAA

[ £)dx = [ f(@@)e' ). (1)
Mpu stom, eomn [ £(@(Q'()dt = F(1)+C, 10 [ f(x)dx=F(p(x)+C, e

W/ (X)— dynxuus, obparnas Q(t).
®opwmyna (1) HazbBaeTcst GOPMyIIOi 3aMEHBI TEPEMEHHOH B HEOTIPEIEIIEHHOM HHTErpaje.

AJITOPHTM 3aMeHBbI NepeMeHHOoI:

1) Cesi3aTh CTapyr MEPEMEHHYIO UHTETPUPOBAHUSI X C HOBOU MEPEMEHHOU / ¢ MOMOIIBIO0 3aMEHbI
x=0(t).
2) Haittu cBs3p Mexay muddepenuanamu dx = ¢@'(¢)dt .

3) IlepeiiTi moa 3HAKOM WHTETpasia K HOBOH NMEePeMEHHOM.
4) TlpouwHTerpupoBath M B TNOJyYE€HHONW NepBOOOPa3HOH BEPHYTHCS K CTapoOl MEPEMEHHO,
noxcrasus = J(X).

IIpumep 2. IIponHTErpUpOBaTH NOAXOAALIECH 3aMEHON IEPEMEHHOM.

a) Icos4xdx; ) J‘egx”dx; e)jx(2—x2)5dx

Pemenue:
t=4x dhopmymna 7
, e 1
a) jcos Axdx =|dt = (4x) =4dx|= J‘costZ = chostdt = < TabIULBI =
i = % WHTETPAJIOB

:lsint+C=lsin4x+C.
4 4
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t=9x+1 dhopmyma 6
6) [*dx =|dt = (9x +1Y = 9dx| = [ e’ dr_1 [e'dt =4 rabmamt =
9 9
_dt WHTErPaJiOB
9
= le’ +C = legx+l +C
9
(=2-x° p | dopmyna 3
G)IX(2 ~x*Vdx = dt = (2 - x*) = 2xdx| = IIS (_?t] = —EJ‘tsdt = {Tabnouupl | =
dy = dt WHTErPaJIOB
6
A oo Lo_eyic
26 12

HHTerpuposanue no 4acrsim.
HexoToprie BUABI HHTEIPAJIOB, BLIYHCISIEMBIX 10 YACTSAM

Ecnu mpousBonHbie (yHKIUI U=U (x) u VZV(X) HeNpephIBHBL, TO CIIpaBeaJiMBa
dbopmyna;

[vav =vv - [vau, (3)
Ha3bpiBaeMasi (OPMyJION MHTETPUPOBAHUS TIO HACTSIM.
B kauectBe U(X) OObIYHO BBIOMpPAIOT (QYHKUUIO, KOTOpas YIPOINAETCS TpHU
mddepeHunpoBaHnn.

HekoTopele crannmapTHele ciaydad (QyHKLMA, HHTETPUPYEMBIX MO YacCTSIM, YKa3aHbl B
tabnune 1. Tam ke naercs cnocob BbiGopa Muoxkuteneid U u dV .

Tabanna 1
Bup uHTerpana U—->dUu dv —V
[ Pu(x)sin ke dx dV = sinkxdx — Vz—%coskx
.P,,(x)coskxdx U="F(x)—> I .
. , dV =coskxdx =V =—sinkx
[ P, (x)e™ dx —dU = F, (x)dx k
;q:Lz,m deekxdx—>V=%e’“
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Bun uHTerpana U—dU dv >V

JinkePu(ds | G g Sty = &

X
[arcsin kx P, (x)dx | ;7  kdx
J U =arcsinkx — dU =

N

| arccoskx P, (x)dx U:mccoskx%dU:_% dV = F,(x)dx —
—k°x

_>V:jp,,(x)dx
Iarctgkxpn(x)dx U:arctgkx%dU:%
1+k"x
J‘a:rcc‘[gkxPn(x)d)C U:arcctgkx—>dU=—%
1+k°x

n=0,12,...

B,(x)— muorounen or x crenenu 1, T. e. B,(x)=apx" + ax" 1+ +a,, reap#0.

ITpumep 3. IIponHTErpUpPOBATH MO YACTSAM.

a) [ (3x—1)sin2uxdsx; 6) [ (1+ 2x)In xdix.
Pemenne.
U=3x-1—dU =3dx ) )
. COS X COS2ZX
a) | Bx—1)sin2xdx = =Bx-1)- + dx =
jEen 4 = sin2ds /= - 20823 = G¥ = ] 2

= —l(3x—1)cos2x+éj.0052xdx = —l(3x—1)cos2x+§sin2x+C.
2 2 2 4

U=1nx—)dU=@
X

6) j(1+2x)1nxdx =|dV = (1+2x)dx > =Inx(x+x2)— j(x+x2)@ =
X
V= J.(1+2x)dx = x+x°

2
:lnx(x+x2)—j(1+x)dx:lnx(x+x2)—x—%+C.

CoaepxkaHue NpaKTHYECKOil padoThI
3ananue 1. BoIYHCJIMTB HHTEr pajbl.

4 )
I)J. 7 X —5'_5+3‘/;jdx J.( 5 _i_,7x_SII12)de)C

416 x 5x%+5 COS X
2 2
Z)J. X +10+4§/x_5 dx J. 22 T, S 4 dx
\/3+x2 X 2x° 42 x+2



2 +4[x 2 .
3)J. B —\/x2+3 +4e jdx J.
8 6+ x°
4)J. ,_5+x2+ a —3\/8x5jdx J.
2 4x* -1
5)'[\/4_x2+ " —2\/8x3jdx J.

3
o] M_Sg}jdx

COS X

J

12 X% -
2—3cosx+
3+3x X—

5 —2sinx +3% |dx
2x°+2
.3
26 +351r'12x 5 e
3x°-9 sin” x
3
LIE P PR
2x° -8 X

3ananue 2. [IpounTerpupoBaTs moaxoasinieii 3aMeHoi mepeMeHHOoro.

¢ dx xdx 123

1) | ——— e " dx
Y sin”3x J.«/z_kxz '[

2) [(2x —1)cos(x? — x)di [ads+x?ax [
. ) dx

3) 102 gy J.smfdx J.
J 2 S5x+3

4 | x*3-x")Ydx Icos2xdx Iesmxcosxdx
e dx - Tx-1

5 sin 2xdx 37 dx

)| xInx -[ -[

- xdx dx

6) | — sin(2 — 3x)dx

= fsin@-30ax [~

3ananue 3. [IpouHTErpupoOBaTH MO YACTSAM.

1) (7x - l)cosxdx arctg x dx

2) .(6—5x)exdx [(7x + 5)In xdx

3) [ xcosxdx .a:rcctgxdx

4) .(1+2x)cosxdx [ arcsin x dx

5) [(8x—1)sin5xdx [(6+5x)Inxdx

6) | xe* dx [(3x +2)Inxdx

38
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IIpaktuueckoe 3ansatue Ne 14

Tema: MeToabl HHTerpupOBaHHUS ONPEACJIEHHOI0 HHTErpaJa.

He.]'le C(I)OpMI/IpOBaTb YMCHUE BBIUUCIIATE ONPCACIICHHBIC UHTCTPAJIBI, UCIIOJB3YSA Pa3JIMIHLIC
MECTOAbI UHTCTPUPOBAHUS.

TeopeTuyeckue CBeeHHSI:
OnpeneneHHbliil HHTErpau

Onpenenenue. Ilycts Qynkuus )V = f(x) ompeneneHa Ha orpeske [a;b], a<b. PazobbeMm >TOT
OTPE30K Ha N MPOMU3BOJILHBIX YaCTEN TOYKAMM d = X, < X; <X, < X3 <........ <Xy <l <x,=b

B kax1oM U3 MOJy4EeHHBIX YaCTHYHBIX OTPE3KOB [X, ,,X,| BpIOEpeM mpou3BOJbHYIO TOUKy Ci

i=1>7%i

(x,, <Ci<x) u COCTaBUM CyMMy

7

rae Ax, =x, —x, ;. Cymma Buza (*) Ha3bIBaeTCA HHTErpabHOil CyMMOH U QYHKINN f (x) Ha
oTpeske [a;b].

o = max{ Ax, }
1<i<n
Onpenenenne. Ecii cymecTByeT KOHEUHBII Mpenen MHTErpajbHON CyMMBI S , KOTaa 7 —> o0

O0o3HaunM depe3 ¢ UIMHY HaUOOJBIIEro YaCTUYHOTO OTPe3Ka pa3OneHus:

Tak, 4to ¢ —> 0, TO 3TOT mpenen Ha3bIBAIOT ONMpPENEeNIEHHBIM HHTErpajoM OT QyHKuuu YV = J(x)

b
Ha oTpeske [ab] u oOo3HadaroT CleayRIEM  00pa3oM: I f(x)dx WIH

a—0 i=1

b n
I Jf(x)dx = hmz J(x)Ax, . B aTom cnydae GyHKuns Y = J (X) HasbiBaercs nnterpupyemoit Ha

orpeske [a;b] . Uucnma a u b Ha3bIBaOTCA COOTBETCTBEHHO HI)KHUM M BEPXHUM IpelesaMu

UHTETPUPOBAHMUS, f (x ) — TOABIHTErPaJbHON PYHKIMEH, X — MepeMEeHHOH HHTErPUPOBAHUSL.

OTMmeTM, 4YTO  HEMPEPBIBHOCT  (PYHKLUH  SBISETCS  JOCTATOYHBIM  YCIOBHEM €€
UHTErPUPYEMOCTH.

OcHOBHBIE CBOIICTBA ONPENETEHHOI0 HHTErpaJia

P s =0; 2'[ flonde =~ fixyds:

30_? f(x)dx = j J(x)dx + _Zi f(x)dx; roe a, b, c moOble yncna.

4° fkf(x)dx —k[fydx; S [LfO0)+ goldx = [ f(x)dx+ [ g(x)dx

®opmyaa Herorona — JleliGunna
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Ecmu ¢ynkumsa Y = f(x) HerpepbiBHA Ha oTpe3ke [ab] u ¢yHkumsa y = F(x) sBisercs
HEKOTOPO ee MepBOOOpa3HOM Ha ATOM OTpe3ke, TO uMmeer Mecto Gopmyna HerotoHa — JleliOHuIA

[ fCodx = F(b) - F(a).

Borunciaenue ONpeacJCHHbIX HHTEIPAJIOB
b

IIpocteiM W yOoOOHBIM METOAOM BBIYHMCICHUS OIPENEICHHOTO HHTerpaia I f(x)dx ot

a

HenpepbIBHON byHKIIH SIBJISIETCS dopmyna Herorona-Jleitbnuna:
b b
[f)dx=F(x) =F@b)-F(a).

Ilpn BbIUMCIEHUM OIpENENeHHbIX HHTErpajioB UIIMPOKO MCIOJIb3YETCS METOJ 3aMeHbl
MEPEMEHHON U METO/ HHTErPUPOBAHUS IO YaCTSAM.
HHTerpuposanne noACTAHOBKOM

b
[lycTp nnst BRIMUCIEHUSI MHTETPANA I f(x)dx ot HenpepbIBHON (QYHKLNHU CAETaHA ITOJCTAHOBKA
x=g(t)
Teopema. Ecnu:
1) dynkuus x = @(¢) u eé npousBonHas x' = ¢'(¢) HenpepwIBHLI pH £ € [d; f];
2) MHOKECTBOM 3HaueHUH QyHKIUU x = @(f) TpH ¢ € [ox; ] sABIAETCS OTPE30K [a;b];

b B
3) pla)=a u p(B)=b 1o [ f(x)dx= [ f(p(0)- ¢ ()t

HNHTerpunpoBanne no 4acTsam

Teopema. Eciiu pyHKIIMN 24 = u(x) uv= V(x) HMMEIOT HENPEPbIBHBIE TPOU3BOAHBIE HA OTPE3KE
b

b
[a;b], To umeeT mecTo hopmyna Iud v=uv

a

b
- Ivdu )

a

3
IIpumep 1. BeraucuTh onpeae eHHbIN HHTErpas I(xz —l6x+ 3)0LY

1
Pemenue.

3 3 2 3 3
j(x2—16x+3)dx= X6 gax || =] X ogx2 43k
1 3 2 L3 1

’ ’ 27 1
1 sz Logeisa|=[ 2700 | Logis )=
3 3 3 3

:(9—63)—£%—5j:—54—%+5:—49—%:—49§

3

IIpumep 2.

v

X
Brruuciaure Iex sin —dx .
0 2
Pemenne:

40



VA 2 VA
Iex sin b = = 2cos>e g+2je’“ cos i =
) 2 2 2

0

du =e*dx x:—2cos§

0 . T
= = 2cosZe” +2cos—e’ +2| 2e smf‘g —Iex sin = iy |=
2 2 210 ) 2

du =e"dx x:2sin§

— 24 4e” sin L — 4e° smg—jexsmzdx:2+4e”—jexsm£dx
2 2 2 A

0

Iex sin = dbx =1+ 2e”
5 2

T
X
Ortger: Iex sin —dx =1+2e”
5 2
CoaepxaHue NPaAaKTHYECKOI padoThI

3ananue 1. BeruucanTes onpeaesieHHbIH HHTErpaJ.
8

1) j(x3+10x)0LY 4) [(21x-19)dx

2) I(3x2+6x—2)0LY 5) i(x3+8)dx
3) j(x2—16x+3)wr 6) 1f(2x+7)dx

3ananue 2. BeruucanTes onpeaesieHHbIH HHTErpaJl.

Bapmuanr 1 Bapuanr 2
2 2

1. .!.% 1. | i

> j(&—xz)ﬁr ? j(3x2 —l)abr
0 0

> % > ]Esin xdx
Icosxdx .
0

4. S dx 4 Ldx
! 1+x° ! I+ 7
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IIpaktuueckoe 3anstue No 15
Tema: BoluucseHne ABOHHBIX HHTErpaJjioB B ciay4ae objactu 1 u 2 Tuna.
Henb: chopmMupoBaTh yMEHHE BBIUUCIISTH ABOWHBIC HHTCTPAIBI B C1y4ac obnactu | u 2 tuna.

TeopeTuyeckue CBeeHHSI:

ITonsiTHEe ABOMHOI0 HHTErpaja
JIBoiiHOM HHTErpai B obmem BULIE 3anMChIBAETCs CIIEIYIOIINM obpazom:

] 7 yyxay

i
Pazbupaemcs B TEPMUHAX u 0003HAYCHMUSIX
-” — 3HAYOK IBOMHOI'O HHTErpania,
D - obnactp HUHTErPUPOBAHUS (mockast ¢urypa);
Jlay) - NOJBIHTErpaibHas (PYHKIMS JIBYX MNEPEMEHHBIX, YacTO OHa [OBOJBHO IIPOCTAs;
4. Y syauxu muddeperimanos,

YT0 3HAYUT BBIYHCJHUTH ABOIHOI HHTErpas?
Boerancnauts nBoitHON wuHTerpan — 5310 3HaunT Hantm UMCJIO. Camoe o00BIYHOE YHCIO:
”f{x; Vidxdy=C roe U =const
D

Kak Bpruncantb 1BoiHON HHTErpaa?
s Toro 4toObl BBIMUCIUTH NBOHHOW HWHTErpPa, €ro HeoOXOMUMO CBECTH K TaK HAa3bIBAEMBIM
NOBTOPHbIM HHTerpanaMm. Cremate 3TO MOXHO ABYMs cmocobamu. Hambosee pacmpoctpanéH

CIeYIOIUN crocod:
$ 1
[ 7. yydxdy = [ax| iz ydy
o FS
BwmecTo 3HaKOB BoOIpoca HEOOXOIUMO PACCTABUTD Mpenesbl HHTerpupoBanus. [Ipuuém oquHOYHBIE
7 77

3HaKM BOIIpOCa ° Y BHCIIHEIO MHTECIrpajla — 3TO HUC]A, a4 IBOMHBIE 3HAKH BOIIpOCa y

BHYTPEHHETr0 HHTerpaja — 370 GYHKIMH ONHOH nepeMeHHoiH » ~ Jx) , 3ABUCSIIAE OT KUKCY.
OTtkyaa B3sTH npeaeabl HHTerpupoBanus? OHU 3aBUCAT OT TOTO, Kakasi B yCJIOBUU 3aJaul JaHa

obnacts L' . O6macts £ mpencrasiser coGoif OOBIMHYIO IMIOCKYKO (UIYpy, ¢ KOTOPOH BbI
HCOAHOKPATHO CTaJIKUBAJIUCh, HAPUMEP, MPU BbIMUCJICHUHW TJIOIAAN MIOCKOM (l)I/Iprbl nJIn
BLIUMCIEHUN O0BEMa Teja BPAIICHUSA. Ouenp CKOpPO BBl Y3HACTC, KaK IPAaBUJIBHO PACCTaBJIATH
Npenesbl UHTErPUPOBAHUSL.

ITocne Toro, kak mepexon K IOBTOPHBIM HHTErpajaM OCYIIECTBIEH, CIENYIOT HENOCPEACTBEHHO

[ 7(x

EX] , @ TOTOM — BHewHuil. [pyr 3a

BBIUMCJICHUS: CHavaja Oepércs BHYTPEHHUI MHTErpas
apyroM. OTcrofa U Ha3BaHHUE — NOBTOPHbIE UHTETPaJIbI.
I'pyOo roBopst, 3a1a4a CBOAUTCS K BBIYMCICHUIO ABYX ONPEACIEHHBIX HHTEIPAJIOB.

Bropoii cmoco6 mepexoma K TOBTOPHBIM HHTErpajaM BCTPEYAeTCS HECKOJIBKO PeKe:

* Ll

[/ = sydxdy = [y [ f(x yydx
; .

L1l

Uro nomensutoch? [ToMeHsICA MOPSAAOK MHTErPUPOBAHUS: TEEPh BHYTPEHHUH MHTErpan Oepércs
MO0 «UKC», & BHEUIHWHA — 1o «urpek». IIpenensl nHTErprpOoBaHmsi, 0003HAUEHHBIEC 3BE3M0UYKAMU —
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ITosTomMy BbIPA3UM oOparHbIe byHKUMH:

2
yz :2x+42~2x:y2—4:\x:%—2

1 1
¥ :—§x+4 =}>§Jr::4—y2 = x=8- 2y

OOpaTHbie QYHKIIMK B JAHHOM MpHUMepe OONamaroT TeM MPEUMYIIECTBOM, YTO 3aal0T CPasy BCIO
napadoJTy HEeTUKOM.

CornacHo BTOPOMY cnoco0y, obxon obnactu Oyner CITeYIOIIUM:
2

%—221’58—2}?2

—2=Zy=2
Takum obpazom:
1 8-2p?
§=|[dxdy=[ay [dx
2 - ﬂ-z
)
1) Pacnpasnsiemcs c BHYTPEHHUM HUHTETPAJIOM:
827 , 2 2 542
[ax= (2% =8—2_yf*—[3’——2J=8—2y3—""—+2=10—i
. %-z 2 2 2

]
PesynpTat noacrasisieM BO BHEIIHHUN HHTETPAL:

2)
2 ] 2 2 2 3
5y 5y . 5 g 40 20 2
IN—=—|dv=2||10—-="—|dy=|(20=-5y"dy=| 20y ——""— |l =40 —— -0 = —= 26—
[ T L e R S
]
10_2
Taxke oOpaTuTe BHIUMaHHE HA TEPBBIA INAr. MOJBIHTErpajibHast (YHKLHUS 2 gmsercs

4€THOH, a OTPE30K MHTETPUPOBAHUS CUMMETPUYEH OTHOCUTENIBHO HyJsA. 1103TOMYy OTpe3ok MOXKHO
CIIOJIOBUHUTD, & PE3yJbTaT — YIBOUTD.

5= 253 2
3

OTtBer:

B OonpmmHCTBE mNpakTHUeCKMX 3amad  Tpedyercs (HOPMaNbHO BBIYUCIHTH IBOWHON
UHTErpaj, HO, IOMUMO 3TOrO, OH O0JNaaeT OTJIUYHBIM M€OMETPUUYECKUM CMBICIOM — C ITOMOIIBIO
IBOMHOTO MHTErpajia IOMUMO TUIOIIAN MOKHO BBIUHUCIUTS ele 1 00béM. ['eoMmeTpudeckuii cCMbICI
IBOMHOTO MHTETpasia MOSICHUM HIKE Ha KOHKPETHBIX MTPUMEPaX.

[| 7z y)dxay
Hauunaem HaOuBaTh HaI qBOIHON UHTErpan & pa3HOOOpa3HON HAYMHKOM:
ITpumep 1
Bpruucauth 1BOMHON HHTErpaI
L[xdxdy D:y:w'{;; yox
2
H3MeHuTh NOpSiIOK MHTETPUPOBAHUS M BBIYUCIUTH IBOWHON HHTErPaj BTOPBIM CIIOCOOOM.
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2) bepém ocraBILIMIiCS BHEIIHUI UHTErpa:
3 Y 3
I(Ex— 2x 4 & 2"‘} Jai'x = _[(Ex — 2x)dx+
o 0

—t

EE(B—x)%fx:

2x 17 11
_ 2 =a 3 - _ 2 _ _ _ _ _ = _ 33 _
= [Bx : J|,] 2!(3 AFd(G-x)=27-18-040- - (-x) |,J =
= 9—1(13—2?)=9+E=E=131
6 2 2 2
3
[G-xdx
Ilpu naxoxxpenuu uHTerpaia UCTIONIB30BAH METOJ NOABeNeHUs] (QYHKIUU MOJ 3HAK
nuddepeHnrana.
27 .1
”{Ex+y}.:fx.:fy= 2l o132
OtBer: 7 2 z

CoaepxkaHue NpaKTHYECKOIl padoThI

3ananue 1.
IToctpouts obnactp UHTETPUPOBAHHUS 51 U3MEHUTb MOPSAIOK UHTETPUPOBAHUS
1] -r-1
Jav [0z yydx
R e
3ananue 2.

[ /. )y
Jan aBonHON uHTErpan & ¢ 00JacTbI0 MHTETPUPOBAHUS
[TepeliTi K TOBTOPHBIM HMHTETPAJIaM M PACCTABHUTD NMPEAEIIbl HHTETPUPOBAHUS IBYMsI CIIOCOOAMHL.

Dix=3 y=0, yv=1-=x

3apanue 3.
Bpruucaute 1BOMHON HHTErpal

” (23" — x)dxdy

i Dov=x4+2, v=0 x=0

3aganmue 4.
Dox=0, y=2; y:g

Bpruucouts JIBOMHOM HHTErpai o obnactu

” yge_%dxdy

n

3ananue 5.
C momompl0 ABOWHOTO HWHTErpajia BbIYUCIUTH IUIOMAAb TUIOCKOH (GHrypsl o OrpaHUYEHHOU

— ¥ —
muHmsimm ¥ ¢ YT FE x=10

2

3ananue 6.
C momMompl0 ABOWHOTO HWHTErpaia BbIYUCIUTH IUIOMAb TUIOCKOH (GHrypsl T OrpaHUYEHHOU

4
y:—,yzz,l}?:4,y=x—l
JHUHUSIMHA X
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IIpaktrueckoe 3ansatue Ne 16

Tema: /leiicTBUS HAA MATPULIAMU, BBIYUCJIEHHE ONpPe/esMTe e,
Henb: chopMupoBaTh YMEHHE BBINIOJHATh apuMeTHueckue IeHCTBUS ¢ MAaTPULIAMU,
HaXOAUTDh OMPEACTIUTEIIN MaTPULL.
TeopeTuyeckue CBeieHHSI:

Marpuuel Ha3bIBaeTCs MPSIMOYTOJIbHAS TAOJMIIA YMCENT, COCTOSIIAS M3 M CTPOK M N CTOJIOLIOB,
KOTOPYIO 3aIHChIBAIOT B CIIEAYIOIIEM BHIIE:

ay  dp ayy,
A= dy dp sy,
Ay Ay oo Oy,

st o0O3HaueHMs] MaTpuilbl WCMOJNB3YIOT TMPOMUCHBIE JIATUHCKUE OVKBBI, I OOO3HAUSHUS
SJIEMEHTOB MATPUIILI — CTPOYHBIC JIATUHCKME OYKBBI C YKa3aHHEM HOMepa CTPOKM W CTOJOLA, Ha
TIEPECEICHUN KOTOPBIX CTOWT JAHHBIN 3JIEMEHT. 3anuch « MaTpuna B mMeeT pasmep mxn» 03HAYAET, YTO

3 -1 0
2 3 5

umeer pasmep 2x3. Ianee, bj - o003Ha4YeHME BIIEMEHTA, CTOSILIErO HA MEPECEYEHHUH 1-i CTPOKU U j-TO
CTOJIONA JAHHOW MaTPUIIBI (B puMepe bs=5).

Ipu cchiike Ha i-10 CTPOKY MaTpuibl A UCTIONB3YIOT 0003HaUeHHe A;, TIPH CChUIKE Ha j-I cToJoer]
— obo3HaveHne Al

Marpuiia, y KOTOpPOH YHCIO CTPOK COBMAJAET C YHUCIOM CTOJIOLIOB, HA3bIBAETCS KBA/IPATHOM.
OJIeMEHTHI ai1 , a22,..., am KBaApaTHOW Marpuibl A (pasMepa nxn) OOpa3ylOT TJIABHYIO AUArOHAJIb.
Ksagpartnas marpuna, y KOTOPOW OTIMYHBIE OT HyJsl 3JIEMEHTBI MOIYT CTOATH TOJIBKO HA IVIABHOMU
JMArOHAIM, Ha3bIBACTCS AUArOHATBHOH. JlMaroHaibHas MaTpuila, y KOTOPOH BCe BJIeMEHTHI (TJIaBHOM
muaroHanu!) paBHbI 1, Ha3bIBaeTCs eAMHUYHON. HakoHel, KBaapaTHas MaTpHLa, Y KOTOPOU HIDKe (BBILIE)
IJIABHOM JMArOHAI HAXOMSTCS TOJNBKO HYJIH, HA3bIBACTCSI BEpXHeEH (HIDKHEH) TPEYrONbHOW MAaTPHILISH.
Hanpumep, cpenu KBaapaTHbIX MaTpULL pasMepa 3x3

pedb MIET O MaTpUIE, COCTOSAIEN U3 M CTPOK M N cTonouos. Hampumep, Matpua B =

-2 3 1 -2 0 0 I 00 2 0 0
A= 0 3 3 |,B={ 0 0 O|,E=0 1 0|,C=|1 0 O
0 0 -2 0 0 1 0 0 1 3 -4 =2

Martpuia A sIBISIETCS BEpXHEH TpeyronbHOH, B — nuaronansaoit, C — HIDKHEHN TPEYTroIbHOM,
E — emuHIYHON.
Martpuisl A, B HasearoTcst paBHbIME (A=B), ecm OHM MMEIOT OIMHAKOBBIN pasMep, M HX
3JIEMEHTB, CTOSLIAE HA OAUHAKOBBIX MO3ULINSIX, COBIANAIOT.
ApudmeTnyeckue 1eificTBUsI ¢ MATPHLIAMHU.
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UroObl YMHOXKHTH MaTpuily A Ha OTIIMYHOE OT HYJIS BEIIECTBEHHOE YMCIO K, HeOOXOmMMO KasKabli
3JIEMEHT MATPUIIbI YMHOKUTB Ha 3TO YHCTIO:

a, dp ... d, ka,, kay, ... kay,
a a a ka ka ka
21 9n o @ 21 2 2
kA=k SE 8
d, Ay oo Ay ka,, ka,, ... ka,,

UroOb! HaliTu cymmy mMatpuil A, B ofHOH pasMepHOCTH, HEOOXOAUMO CIIOKHTH 3JIEMEHTBI C OMHAKOBBIMHU
WHIEKCaMH (CTOSIIINE HA OJJMHAKOBBIX MECTaX):

ayg dyp ... dp by by by,
a a ..a b b ... b
A+ B=| 2 an |, | P21 2 | _
aml am2 amn bml bm2 bmn
ay +b,y a,,+b,, .. a,,+b,,
4 -1 1 0
Ipumep 1. Haitru 2A-B, ecrm A = , B= .
2 3 -3 2

Pemenne. CHavana yMHO)KaeM Matpuily A Ha 4ucio «2», 3aTeM Marpully B Ha uucio «-1», u, HakoHer,
HaXO[MM CYMMY TOJTy4€HHBIX MaTPHLL:

e M E T M A

2 -3 -1
-1 2 4 2 4 -1
Umeem: 4 -1 2|=2 -(-3) +(=1) =
0 3 0 3 5
3 5 0

=2(-1-0-2-5)+3(4-0-2-3)=1(4-5—(=1)-3)=—20 — 18 = 23 = —61.

IIpoussenennie AB MOXKHO OnpeAenuTs TOJIbKO Ut Marpul] A pasMepa mxn u B pasmepa nxp, npu
stom AB=C, marpuiia C umeer pasmep mxp, v €e 3JIEMEHT Cij HAXOIAWUTCS KaK CKAJSIPHOE TIPOM3BEICHNE 1-1

CTPOKH MaTpuibl A Ha j-if cromGeu marpuupl B: Cj = A;B’ :az'lblj +az‘2b2j +---+az'nbnj

(=1,2,...m; =12, ..p). Dakruuecku HEOOXOAMMO KAKIYIO CTPOKY Marpuilbl A (CTosmiel criepa)
YMHOKUTb CKAJISIPHO Ha KaKIbIiA cTONOI MaTpuilpl B (crosimeii cripasa).

-1 1
1 -2
ITpumep 2. Haiiru mpoussenenme Matpuy A=| 0 4 |u B= ( A j .
2 1

Pemenne. Pasmep matpuubl A 3x2, Marputibl B 2x2. Ilostomy npoussenenue AB Haiitn MoxHO,
npomsBeznieHue BA — Her. JleficTByst o cOpMyTMPOBAaHHOMY BBILIE MPABUITY, TOTyYaeM:
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S11), o (CEDA3) RG24 (<143 2447 (26
0 4 (3 _4 j: (0:4)13)  (0,4)(-2:4) |[=| 0+12 0+16 |=|12 16
2 1 2:DA3)  @2D)(=24) ) (243 —4+4) (5 0

Marpurieli, TpaHCTIOHMPOBAHHOM K MaTpulle A pasMepa mxn, HasbiBaercs matpuua A' pasmepa nxm,
CTPOKH KOTOPOH SIBJISFOTCS CTOJIOLAMH HCXOTHON MaTpPHILIBL.

-2 1
-2 0 1 7
Hanpumep, ecm C' = ,oC" = 0 -3
1 -3 3
1 3
-1 1
1 -2) (-2 4 6}
IMpumep 3. Haiiru | 0 4 +2 :
5 13 4 5 7 3

Pemenne. Bocnonb30BaBIINCh BBIMUCICHUAMH, MPOBEACHHBIMU MPHU PELIEHUU MPUMEpPA, a TAaKKe
MpaBUJIaMH YMHOXKEHHsI MATPULIBI HA YHCIIO U CJIOKEHUSI MATPUL, OTY4UM:

-1 1 r (2 6 -2 5 -2 16
I -2 -2 4 6

0 4 +2 =12 16 |+2 4 7|=|20 30
3 4 5 7 3

2 1 5 0 6 3 17 6

Marpuiiet A, B Ha3bIBatOTCS SKBUBAJICHTHBIMH, €CJIM ONHA TMOJIyuY€Ha M3 JPYrod ImyTeM
AIIEMEHTAPHBIX ITPeoOpa3OBaHMIHA.

Panrom marpunel A B nanpHe#eM OyieM CYATaTh YUCIO CTPOK 3KBHBAJICHTHOH € CTyIeH4YaToH
MaTpuIibl, Ucrone3yst obosHaueHne 1(A). Tak, B paccmotpeHHOM Bbime npumepe 3.4 1(A)=3, r(B)=2.
MO3KHO JIOKa3aTh, YTO PAHT MATPUIIBI A (pa3sMepa mxn) He MOKeT ObITh Gombie MIN{ 72, 72} (sanpumep,

st Marpuriet A pasmepa 2x3 7(A4) < 2). Kpome TOrO, PaHI MATPULIBI HE 3aBUCUT HH OT BLIOOPA BEMYLIHX
Tp p P p p Tp pa BELy

3IIEMEHTOB, HU OT MPOBOAMMBIX NPe0OPa3OBaHHA. ITO CBOMCTBO MOKHO HUCIIONIB30BATh NPU MPOBepke. Tak,
B Ipumepe 3.4 mocne nepecTaHOBKU NEPBOH M BTOPOM CTPOKH B MaTpuLie B MOXKHO B KaueCTBe BEAYLLETO
CHaYajla PaCCMOTPETD 3JIEMEHT b1z, @ 3aTeM BBIMEPKHYTb TPETHIO CTPOKY, HMPONOPLHOHATBHYO BTOPOH (

C3=-Cy).

2.0 4 9 1 3 25
B=|1 3 2 5|—9°% g2 0 4 9|
1 92 6 1 92 6
1 3 2 5
_ GGG s g 4 9 1325

20 4 9
—2 0 -4 -9

Brraucnenue onpenenureseir. Onpenenurens MaTpunbl A pa3Mepa 2x2 (ompeaenuTensb 2-
roO MOPSIKA) — 3TO YHCIIO, KOTOPOE MOKHO HAWTH O MPABUITY:

iy dpp

detA=|4|= =ay 0y — dppdy;

dy dpy

(HpOI/I3BeI[eHI/Ie JJIEMCHTOB, CTOAIUMX Ha rJIaBHOM AUaroHajinu MaTpulbl, MUHYC MPOU3BCACHUE
3JIEMEHTOB, CTOSIIIUX HA TOOOYHON qHaroHajn).

Onpenenurens Matpuilbl A pasmepa 3x3  (ompedenuTeNnb 3-TO MOpPSAKAa) — YHCIO,
BBIUUCJIAEMOE MO MPABUITY «PACKPBITUE OMPENEIUTENS IO NEPBOH CTPOKEY:
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g dp a3 u u u u u u
22 23 21 23 21 22
detAZ‘A‘Z dy1 dyy dy3z|=dqq — +d)3
dzy dsj dasz)p dsj azp dsz
dz; dzp dsj
2 -3 -1
IMpumep 4. Hatiru: (4 -1 2
3 5 0
Pemenue. Ilpu HaxoXAeHUU ONPENENUTENI BOCIMOJB3yeMCs CHadajga (popmyoi
g dp a3 u u u u u u
22 23 21 23 21 22
detAZ‘A‘ =|dy1 dyy dy3z|=dy —dp +a13 ,
dsz; dsj sy dsj azy dsz
dz; dzp dsj
3aTeM (st BBIUHCIICHUS oTpenenuTenei 2-ro HIOPSIZIKA) bopmynoit
i dp
dy dpy

CoaepxaHue NPaKTHYECKOIl padoThI

3ananue 1. BoimoyHuTh aprdmeTnueckie NelCTBIs ¢ MATPULIAMH:

(1 —2] (1 —4] (1 —2jT (5 —1j
13 -2 : 2) +2 :
3 5 5 0 3 4 0 3
. (-5 -1 2 0 8 2 10 3Y
3 45
3)( ]—38 4 | 43 8 5|+2/0 4 -2
-8 10 4
1 -1 0 -4 7 5 2 -9
(1 2] (1 4](—2 4]
5 + . ;
3 14) \5 10} -1 3
2 -1 -3 2 3Y
6(—3101)l R il
) 1 3 1 10 3|’
2 4 8 -1 1
3ananue 2. Jlokazars paBeHcTBO (AB)C=A(BC) mis marpur;
4 -2 6 -1 1 4
1) A= , B= , C= ;
1 -3 3 2 -2 5
-3 21 2 1 0 1 3 1
A= 0 1 2|, B=|-3 1 4|,C={2 1 4|
3 1 4 3 21 -1 1 -1
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-3 2 1 1 2
-2 4 -1
3A={ 0 1 2|, B= -1], C= ;
1 2 0
3 1 4 3 1
0 1 -1y
3 3. Haii 1)(l 3j2 2)(l _ljg N1 0 1
anue 3. Haiiru: ; ;
i 0 2)° 0 2)°
1 -1 0O
3ananue 4. Boruuciautb onpenenuTenu:
sin@ —cos« -1 i 1 2
1) N 2) ; 3)
cosa  sina i -1 0 -1
I 05
o[ 7. 50 . 6)|0 4 7
5 6 4 -10|
-3 1 5
3 0 1
70 -2 3
I -1

IIpaktuueckue 3ansaTust Ne 17, 18

Tema: Pemenne cucreMbl JIMHEIHBIX YPABHEHH B MATPU4IHOK popme.

Tema: Pemienne CJIAY metonom I'aycca u merogom Kpamepa
Heab: chopmMupoBaTh YMEHHE UCCIIENOBATH H HCIONIB30BATh PA3IMYHbBIE METOABI [JIsI PELICHUS
CHCTEM JINHEHHBIX anreOpandeckux ypaBHEHHH

TeopeTuueckue CBeIeHMHsI:

Paccmotpum cucrembl smHeiHbIX anrebpamueckux ypasHeHudl (CJIAY) mnpomsBonbHOM
Pa3MEepPHOCTH, COCTOSIINE U3 M YPABHEHHI C N HEM3BECTHBIMH:

(*)

A, X; +a,,%, +...+a,,x, =b,
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all alz “ee al

azl azz “ee azn
Marpuna A = , COCTaBJIeHHAas1 U3 K03()(PUIIUEHTOB cucTeMsl (*),
A A2 D
b 1
o 2 o
Ha3bIBAETCsS MaTpUIEl cuCTeMbl (ee pasmep — mxn), a Bektop B = (m-mepHbIH)-
bm
CTOJIOTIOM (BEeKTOpPOM) CcBOOOIHBIX YJICHOB. Martpuiy BUA
am a)n o Ay bl
an dir e oy b2 . . “
A|B = HA3bIBAIOT PACLIMPEHHON Matpuueil cuctemsl (*).
Aml  9m2 Ay bm

JIroboit Habop 3Ha4YeHHH HEU3BECTHBIX X|,X;,...,X, , OOpasyrOLIMX Nn-MEpHbIH BEKTOP
X1

X2 T
X = =(X],Xy,....,X,,)" , sBuserca pemenmeM cuctembl (*), ecnm 9TH  uKCIa

Xn

yIIOBJIETBOPSIOT BCEM YPaBHEHHSM CHUCTEMBbI (T.€. MPEeBpAIlalOT UX B ToxkaecTta). OueBHIHO,
4TO bi =djX; +d;,X, +...+d;,X, npn kaxaoM 1=1,2,...,m (i-e ypaBHEHHE INIPEACTABISAET
co0Oli CKalsApHOE TMPOM3BENEHHE 1-ii CTPOKHM MATPHIBl CHCTEMbI Ha BEKTOp X), U (*) MOXKHO

nepenmucaTtb B BUAC

AX=B. (**)

3amuce (**) Ha3bIBaeTCs "MaTpUUHOHN (BEeKTOPHOM) popmoii 3ammucu" cucremsr (*).
IIpumep 1. BemmcaTte Matpuiy ko3dpduiueHToB u cronbder cBoOoaHbIX wieHoB aist CJIAY
2x; =Xy + X3 —=Txy4 =5
6x; —3xy +2x3 —4x, =7.

2 -1 1 =7 5
Pemenne. OueBnpHo, uto A= 6 -3 2 —-4|. B=| 17
4 -1 1 3 10
3 4 =20 2
IMpumep 2. 3amucatb CJIAY, ecm A=|1 7 0 8| B=|—-4
0O -2 3 5 8

Pemenue. Beemem B paccMoTrpeHne BeKTOp X W C KaXKAbIM CTOJIOIIOM MBICIEHHO
COTIOCTAaBUM HEW3BECTHOE. C TMEPBBIM CTOJIOLOM - X1, CO BTOPbIM - Xy, C TPETbUM - X3, C
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4eTBepThIM - X, . OKOHYATENbHO HY)XKHAs CHUCTEMa JIMHEWHBIX aireOpaudeckux ypaBHEHUil
UMeeT BUJI
)Cl +7.X2 +8.X4 = _4
Kaaccnduxanus cucrem JIMHeHHBIX ajredpanyeckux ypaBHeHHil.
OnpeneneHus: H OCHOBHbBIE TEOPEMBI.

Ecmm CJIAY (*) wumeer XoTss Obl ONHO peIIEHHWE, OHA HA3bIBAETCA COBMECTHOMU
(COOTBETCTBEHHO, CHCTEMa HECOBMECTHasl, €CIM OHa BOOOIIe He mMeeT perneHuii). CoBMecTHas
cuctemMa (*) Ha3bIBaeTCs ONpPENeJICHHOW, €CIM OHAa UMEeT eAWHCTBEHHOE pelleHue, u
HEOTIPEAENIEHHOM, ecii uMeeT OoJjiee OMHOTO pemeHus (B MOCIEAHEM Ciydae y Hee OeCKOHEUHO
MHOTO PeLIeHU).

Marpuny cuctemsl (*) OyneM Ha3bIBaTh MPUBEACHHON (a caMy CHCTEMY KaHOHUYECKOM), eCiu

B KaXOoH i-# ctpoke (1=1,2,...,m) ecTb 31€MEHT aj; = 1, a BCce ocTaNbHBIE 3I€MEHTHI j-rO CTOJIONA

paBHBl Hymo. Takue 3JeMeHTbl (M COOTBETCTBYIOIIME WM HEHM3BECTHbIe) OylIeM Ha3bIBaTh
BEAYIIUMH, a OCTABIINECS HEM3BECTHBIC HA30BEM CBOOOTHBIMH.

Teopema 1 (Kponekepa-Kamemnu). CJIAY (*) coBMecTHa TOrAaa M TOJNBKO TOTJA, KOTAA PaHT
MaTpUulbl CUCTEMBI COBIIAAACT C PAHIOM €€ paCLHI/IpeHHOfI MaTpUullbl, T.€ BBIMNOJIHACTCA PABCHCTBO

r(A)= r(A|B) :
Jlnst coBMecTHO# cucTembl yucno ¥ =r(A4) = I”(A|B) HA30BEM PAHIOM CHCTEMBL.

Teopema 2 (o xonuvectse pemenuii). [lycte CJIAY (*) coBmectna. Eciu ee panr paBeH
YHUCJy HEU3BECTHBIX ( /¥ = M), TO CHUCTEMa SIBJIICTCS OMPEAENICHHOW, €CJIU PAaHT CHUCTEMBI
MEHBIIE YMCJIa HEM3BECTHBIX (7 < /1)), TO UCXOJIHAsI CHCTEMAa — HEOTIPEIEICHHAS.

Heomnpenenennas cucrema, Kak ObUIO OTMEYEHO, UMeeT OECKOHEYHOE MHOKECTBO PEeIlEHUH.
COBOKYIMHOCTD BCEX PEIICHUI HA3bIBACTCS OOIUM PEIIEHUEM CHCTEMBL.

Anroputm Metona [aycca. Llemp paccyxneHMil — IMyTeM 3JEMEHTApHBIX NpeoOpa3oBaHUM
CBECTH HCXOJHYK) CHUCTEMY K PAaBHOCWJIBHOW, pELICHHE KOTOPOM MOXHO  BBINHCATH
HernocpencTseHHO. OCHOBHBIMU IIaraMu MeToja l'aycca ABJISIOTCS Clenyrolue.

I. Ilpsmonn xon. BeimucaTe pacIIMPEHHYK) MAaTpPULy CHUCTEMBI, IyTEM 3JIEMEHTaPHBIX
npeoOpa3oBaHUl CBECTH €€ K SKBHUBAJIECHTHOW CTYNEHYATOW W OMNPENeNUTh PAaHT'HM MaTpPULBl U
pPacCLIMPEHHON MaTPULIbI CUCTEMBI. ECIINM OHU pa3iudHbl, TO UCXOJHAs CUCTEMA HECOBMECTHA, T.€.

He umeet pemenuii. Eciu 7(A) = I’(A|B) , TO MEPEXOUM K CIIEAYIOIEMY JTaITy.

II. CpaBHUTH paHT CHCTEMBI U UHCJIO HEU3BECTHBIX, CAEJIATh BBIBOJ O KOJMWYECTBE PELICHMI,
YUYUTBIBAsI TEOPEMY 2.

III. OGparHeiii xox. CryneHuaryro Marpuuy npeoOpa3oBaTb K OSKBUBAJIEHTHOW e
npuBeneHHON. OnpenenuTh, KakKue HEU3BECTHBIE SIBIIIOTCS BEAYIIUMH, KaKHe — CBOOOTHBIMU.

IV. Bemmucate mo mosydeHHOH MaTpHLie CHCTEMY, 3alucaTh OTBET (BBIPA3HB, B Clydae
HEOIPENeIEHHON CHUCTEMbI, BEOyIIHE 3JIEMEHTBI Yepe3 CBOOOIHBIC Ul IMOCTPOEHHUs! OOINero
peLeHus).

[pumep 3. Petnte CTTAY §3x; +4x, —2x; =11.

Pemenne. [IpeoOpazyem paciimpeHHYIO MaTPHULy CUCTEMBI:
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2 -1 -14) ey (2 -1 -1/ 4
(4B)=[3 4 211|249 5011 0 -627 |-

3 -2 4111 ~1 0 6|3
(2 -1 -1 4 (2 -1 -1 4

G=GHG 1 0 —627 |59 S 11 0 —6[27]
10 0 0130 1 0 03

Ilocnennsas marpuua — cryneHdaras. BenymuMu HEW3BECTHBIMM AUl HEE SBISIOTCA X, B
NepBON CTPOKE, X3 BO BTOPOM M X| B TpeTbed. OYEeBUAHO, YTO CHUCTEMA COBMECTHA U €€ PaHr

paBeH 3: I”(A|B)=I”(A)=3=I”. TTOCKOJIbKY YHCIIO HEM3BECTHBIX TAKKE PABHO 3, HUCXOMHAS

CHCTEMa SIBJIAETCS ONPENeICHHOIN.
IlepexoquM Kk TmpoBeAeHUIO TmpeoOpaszoBaHmii mo oOpaTtHoMy wmeroay Iaycca (temepb
HeoOxoauMo nosydath Hyiu HAJL Benymmumu e MeHTaMH ).

2 -1 =14) =110y (o -1 -1]-2

11 0 —627|—9=425 Jo 0 —6-6|-
1 0 03 Ll 0 0|3
C1=C1-C5 /6 (0 -1 0-1
G="G06  Jo o 1|1
Ll 0 o3
Tenepb COCTaBJIACM IIO HOCHeHHeﬁ ManI/IL[e CI/ICTeMy .X3 :1 MU BBIIIUCBIBAEM 3HAUCHUA

HEM3BECTHBIX B TOpsiake ux HoMmepos: X=(3;1;1)". Do u ecTb oTBeT.
3xy +4x, + x5 +2x, =3
Ipumep 4. Jna CJIAY 6x; +8xy +2x3 +5x, =7  waiitu oOwee M JBa YACTHBIX
10x; +12x, +3x5 +10x, =16

pelieHus.

Pemenue. [Ipusenem paciimpeHHy0 MaTpULy CUCTEMBI K CTYIIEHYATOM.

3 4 1 2[3) (o0, (3 4 1 23

(4B)=| 6 8 2 57|29 50 0 0 11|>
10 12 3 1016 1 0 0 47
341 23
C3(—)C2
— 5% 51 0 0 47]
00 0 11
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OueBUaHO, UTO I”(A|B) =7r(A)=3=r, uucio HeU3BECTHBIX N=4 U B COOTBETCTBHH C TEOPEMOM
6.2 ucxonHas CUCTEMA SIBJISIETCS HEOINIPENENEHHON. Benymue HeU3BeCTHbIE: X3 B MEPBOM CTPOKE,

X1 BO BTOpOH, X, B TpeTbell. CBoOOAHOE HEM3BeCTHOE - X, . OOpaTHBIM X0#OM IpeoOpasyem
MaTpULly K IPUBEJEHHOMY BUAY:

3.4 1 23) c,-c, a0 (3 4 1 01 (o 4 1 0]-8
1 0 0 47]—9=92% J1 0 0 03—2=97% o1 0 0 03
00 0 1|1 Looou 000 11

BerimnuceiBaem MNOJIYYCHHYHO CUCTEMY U BCAYLIUC HCU3BCCTHBLIC BBIpAXKACM YCPE3 CBO6OHHbIe:

x =3 = x =3 . OGuiee peuleHMe 3amMUCHIBAEM B TOPSIKE HyMeEpaIUH
. . . T
nemspecTHeIX: X .5 =3, X,; —8—4x,; 1), x, - moboe BemecTrenHOE UMCIIO.
00 > 2> 2> > A2
YacTHOE pEIIEHHEe MOKHO TMOJyYMTb, €CJAM TNPHAATH CBOOOIHOMY HEM3BECTHOMY X,
T

KOHKPETHOE 4HMCoBoe 3HaueHne. Hampumep, mpu X, =0 X, =(3;0;—8;1) ,ampu X, =—1
141
X, =G-1-41)"

Teopema Kpamepa. PaccMOTpUM «KBafpaTHy[O» CHCTEMY JMHEHHBIX YpaBHEHHH (YHCIIO
HEM3BECTHBIX COBIAAAET C YUCIOM YPaBHEHHUH) BUAA

a“xl +a12)€2 +...+ aln.xn = bl

azl.xl +a22)€2 +...+ azn.xn = b2

(*)

a1 X] +0,0Xy +...+a,,X, =b,
Teopema 3 (teopema Kpamepa). Ecmu onpenenurens MaTpuipl CUCTEMbI (*) OTIHYEH OT

HYJISI (‘A‘io ), TO HNaHHAas CHCTEMa WMeEEeT EAMHCTBEHHOE pelIeHHe, MPUYeM 3HAYCHHS
HEU3BECTHBIX HAXOOSTCS 1O (popMyiam

_ AL
X; —|7, 1=1,2,...,
rne | A, - onpenenuTens MaTpuiibl, TONyYEHHON M3 HCXOAHONW MaTpHIbl CHCTEMbI MyTeM

3aMeHBI 1-I0 CTOJI0LA Ha CTOJI0el] CBOOOIHBIX UJIEHOB.
IIpumep 5. Petnts cucremy 13X, +4x, —2x3 =11 meronom Kpamepa.

Pemenne. BemuceiBaemM A - marpumy cucteMbl U B - cronben CBOOOAHBIX HJIEHOB:

2 -1 -1 4
A=|3 4 -2, B=|11|. Hanee Boluucnsiem onpenenuTen:
3 -2 4 11
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2 -1 -1
A=3 4 -2/=2(16-4)—(-1)12+16) - 1(=6 - 12) =60 = 0 ;

3 -2 4
4 -1 -1
Al =11 4 -2 =4(16-4) - (-1)(44 +22) - 1(-22 — 44) = 180;
11 -2 4
2 4 -1
4, =3 11 —2/=2(44+22)-4(12+6)-1(33-33) =60
3 11 4
2 -1 4
;=3 4 11=2(44+22) - (-1)(33-33) +4(-6—12) = 60,
3 =2 11
4, 180 4], 60 4, 60
1 2 3
11 K X :—:—:3;_}( :—:—zl;x :—:_:1
o teopeme Kpamepa X |A| 0 2 |A| 60 3 |A| 60 Hns

MNPOBEPKU pPE3YJIbTaTa MOACTABUM INOJYYCHHBIC 3HAUCHUA HEU3BCCTHBIX B KaXXA0C YPAaBHCHUC
cucrembl: 2-3—-1-1=4, 3-3+4.-1-2-1=11, 3-3—-2-1+4-1=11. Bce ypaBHeHus

oOpaTUINCh B TOXKIECTBA, 3HAUUT, PELICHHE HAIIEHO BEPHO.

CoaepxaHue npakTHieckoii padoror Ne 17
3ananue 1. Ilo pacuupensoit matpune Boinucate CJIAY, pelinTb MaTpUUHBIM METOAOM.

8 2 5 64 0 3 41

1 (A|B):£2 0 4 115] 2) (4B)=|12 0 1|11

5 4 10|-3
2 3 -1 10 7]12 1 2 3 45
3)(4B)=| 1 3 -1 3 4|3 4) (AB)=|2 -1 4 7-1
-7 4 0 0 -10 0 8 6 86

CoaepxaHue npakTuieckoii padoror Ne 18
3ananue 1. Petnuth cucremsl ypaBHeHui MeToioM Kpamepa u meronom I'aycca.

2x) =Xy +x3=2 33X + Xy +3x; =2
1) <3x; +2xy +2x3 =2 2) 15x1 = 2xy +2x5 =1
Xy —2x, +x53 =1 2x; +2x, +3x5 =1
Xy +2x, +3x3=5 X| =Xy +3x3=9
3)9 2x+xy +x3=1 4) 1= 2x; +3xy —4x3 =-16
Xy +3xy +4x; =1 x| +6x3=13
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3aganue 2. Pemmutre CJIAY (B ciiydyae HEONpEAENeHHOW CHCTEMbI BBIMTUCHIBATH OOIIee W 1B
TFOOBIX YAaCTHBIX PELICHHS).

X +2xy =2x3=-1 X +2xy =2x3=-1
1)< x;+3xy) —x3=4 2) ¢ x1+3xy, —x3=4
—x; +4x; =6 —x; +4x; =4
Xp =Xy —x53=1 Xy +2x, = 2x53 =-1
3) 1= 3x; +4x, +4x5 =2 4) xXp+3x, —x3=4
2x; +2x, +3x5, =10 —2x; =Xy +8x3,=20

IIpakTuueckoe 3anstue Ne 19

Tema: CocraBjieHue ypaBHeHHI MNpPSMBbIX M KpPHUBBIX 2-T0 NOPSiAKA, HX
NMOCTPOEHHE

Hearp: chopMupoOBaTL YMEHHE COCTABISITH YPABHEHUS MPSIMBIX M KPUBBIX BTOPOTO MOPSIIKA,
CTPOUTH NPsAMBIE U KPUBBIE BTOPOIO MOPsAKA MO UX YPABHEHUSIM.

TeopeTuyeckue CBeeHHSI:

B aHanuTH4eckOH reOMeTpUU JIMHUS HA IUIOCKOCTH ONPENENsieTCs KaK MHOXECTBO TOYEK,
KOOPZAMHATBI KOTOPBIX yIOBJIETBOPSIOT ypaBHeHHIO F(x,y)=0. Ilpu sTom Ha ¢yHkumio F nosmkHBI
OBITh HAJIOJKEHBI OTPAHMYECHHUS TaK, YTOOBI, C OJHON CTOPOHBI, 3TO YPaBHEHHE MMEJIO OECKOHEUHOE
MHOJKECTBO PELICHUH H, C APYrOH CTOPOHBI, YTOOBI 3TO MHOXKECTBO PEIICHUI HE 3aIMOJTHIIO “KyCKa
TUIOCKOCTH . BaskHBIN Kilacc TMHUN COCTABIISIIOT Te, U KOTOPBIX (pyHKIMs F(X,y) ecTe MHOTOUWIEH
OT ABYX NEPEMEHHBIX, B 3TOM Cllydae JIMHUs, ompenenseMas ypaBHeHueM F(x,y)=0, Ha3bIBaeTCs
anreOpandyeckoi. AnreOpandeckue IJIMHUH, 3aJaBacMble ypaBHEHHEM IIE€PBOH CTENEHH, CYTb
npsiMble. YpaBHEHHE BTOPOH CTEINEeHH, MMerolee OECKOHEUHOEe MHOXKECTBO PEIIEHHH, OnpeaessieT
3IIHIIC, TUIepOOITy, napadolly UK JUHUIO, PACHIAAOLIYIOCs Ha JIBE MPsIMbIE.

Ilycte Ha MNIOCKOCTH 3afaHa MPsIMOYIOJIbHAsi AEKapTOBa cuUcTeMa koopauHar. lIpsmas nHa
IUTIOCKOCTH MOXKET ObITh 3aJJaHa OJJHUM W3 YPaBHEHUH!

1°. Obmee ypasHeHHE MPsIMOii

Ax+By+C=0. (2.1)

Bexrop n(A, B) opToronanen npsimoi, uncia A u B 0MHOBpEMEHHO HEe pPaBHBI HYJIIO.
2°. YpaBHeHHe NpAMOii ¢ YIIOBBIM KO3()PUIIHEHTOM

Y - Yo = k (X - Xo), (2.2)

rre k - yrinoso#i koadduumeHT npsiMoit, To ecth k = tg [, rae [J - BenmuunHa yria, 00pa3oBaHHOTO
npsiMoii ¢ ocbio OX, M (Xo, Yo ) - HEKOTOpAsk TOUKA, MPUHAIEKAIIAST TPSIMOIA.

VYpasuenue (2.2) npuaumaer Bun y = kx + b, ecmu M (0, b) ecTh Touka nepecedeHust NpsMOi ¢
oceio Oy.
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3. YpasHeHue npsiMoii B oTpeskax
x/a+yb=1, 23)
rjie a 1 b - BEMYKMHBI OTPE3KOB, OTCEKAEMbIX MPSMOI Ha OCAX KOOPJIMHAT.

4°. YpasHeHue npaAMOii, Ipoxoasiieil uepes ABe JaHHble TOukH - A(X1, y1) u B(x2, y2 ):

Y-y _ i—-xn

Ya— X FT A& (2.4)

5% VpapHeHue npsiMoii, mpoxonsineil uepes AaHHyr0 Touky A(X1, y1) NapaaeabHO TaHHOMY
BEKTOPY a(m, n)

# me (2.5)
6°. HopMasbHOE ypaBHEHHUE TIPsIMOit

rm’-p=0, (2.6)
r7Ie I - PagnyCc-BEKTOP MPOHM3BOJBHONW TOUKM M(X, y) 3TOH mpsMO#, n° - €IWHUYHBIA BEKTOD,
OPTOrOHAJIBHBIN 3TON MPSIMON U HAIpPaBJICHHBIM OT Hadaja KOOPAMHAT K MPSIMOH, P - pacCTOsIHUE
OT Hayajla KOOPAUHAT A0 NMPSIMOM.
HopwmansHoe ypaBHeHHE MPSAMOIT B KOOPAMHATHON (OpMeE UMEET BU:
xcosotysina-p=0,
e O - BEIMYMHA yria, 00pa30BaHHOIO MPSIMOi ¢ ockro OX.
YpaBHEHHUE My4yKa NPSMBIX C LEHTPOM B TOUKE A(X1, Y1) UMEET BU;
y-y1 = Mx-x1 ),

rae A - mapamerp mydka. Eciu mydok 3amaercs IByMs epecekarouMucs npsiMbiMu A1 x + By y +
C1=0, A2x + B2y + C2 = 0, TO ero ypaBHeHHe UMEET BU!

AMAIx+B1y+Ci)+u(Azx+ By + C; )=0,
r7e A ¥ L - mapaMeTpsl mydka, He oOpamaromuecs: B 0 OTHOBPEMEHHO.

Bennunna yria mexay npsmeiMu y = kx + b u y = ki x + b1 3agaercs popmynoi:
ke —k
1+ k
tg Q= ™l

Pasenctso 1 + ki1 k = 0 ecte HE0OOXOAMMOE M JOCTATOUHOE YCIOBUE MEPIICHANKYISIPHOCTH TPSMBIX.
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JLsist Toro, 4TOOBI 1BA yPaBHEHHSI
A1x+B1y+Ci=0, (2.7)
Axx+ By +C2=0, (2.8)

3a/1aBAJId OJTHY U Ty Ke MPSIMYI0, HeOOXOIUMO U AOCTATOYHO, YTOOBI MX KO3(PPUIMEHTHI ObLIH
MPOMOPLIUOHANIBHBIL

Ai/A2=B1/B2=Ci/Cx.

VYpasuenus (2.7), (2.8) 3amaroT nBe pasUdYHbIE MapajuieibHbIe NpsiMbie, eciau Ai/A; = Bi/Bx u
B1/B2#£C1/C2, mpsimbie niepecekatorcs, eciu Ai/Az + Bi/Ba.

Pacctosinue d oT Touknm Mo(Xo, Vo) A0 TPSMOH €CTh JUIMHA MEPHEHOUKYJAPA, MPOBEACHHOTO U3
TOUKH M, k npsimoii. Ecnu npsimast 3aaHa HOpMaJIbHBIM ypaBHeHHEeM, TO d = [ 1o n° - p | , TIe Io -
panuyc-BeKTOp TOUKU M, WiH, B KOOpAUHATHOU (opme, d = | Xo COSA, + Yo SINA. - P

OO0mee ypaBHeHHEe KPUBOI BTOPOTr0 MOPSIAKA HUMeeT BH/
aix>+ 2aixy + any® + 2a1x +2a2y +a = 0.
[Ipennonaraercs, 4to cpenu Ko3(hPUIIMEHTOB YPAaBHEHUS a11, 12, 822 €CTh OTIUYHBIE OT HYJIS.
YpaBHEHUE OKPYKHOCTH ¢ 1IeHTpoM B Touke C(a, b) u panuycom, paBabM R:

(x -a)* +(y-b)*=R2 (2.9)

DJUIATICOM HAa3BIBAETCSI TEOMETPHUECKOEe MECTO TOYEK, CYMMa pAacCCTOSHUH KOTOPBIX OT JBYX
nanHbIx To4yek F1 u F2 (pokycoB) ecTh BenmumnHa NOCTOSIHHAS, paBHAs 2a.

Kanonunueckoe (nmpocreiiniee) ypaBHeHHe 3JLTHIICA
x}a?+ y*/a’ = 1. (2.10)

Dmuarc, 3anaHHBINA ypaBHeHHEM (2.10), cHMMeTpHYeH OTHOCUTENBHO Ocel koopauHar. [lapameTpsr
a 1 b Ha3BIBAIOTCS MOJYOCAMH DIUTUIICA.

IIycte a>b, Torma ¢dokycet Fi u F,; wHaxomsarcs Ha ocu OxX Ha  pacCTOSTHUH

2

7_ ;12
c= ¥&" =8" or pauama koopmunar. OTHOmeHHe c/a = € < 1 Ha3sbIBAETCH DKCLEHTPHCHTETOM
smmunca. PaccrosHus ot Toukn M(X, y) snmrnca 10 ero GokycoB ((oKalbHbIE PaguyChl-BEKTOPHI)
onpenenstoTes Gopmynamu:

r=a-ex,rmn=atex

2 )
Ecrm xe a < b, 1O ¢okycer Haxomsarcs ©Ha ocu Oy, c= b -a , & = ¢c¢/b,
rn=b+ex, rn=>b-ex

Ecnu a = b, To s5murc sBIsieTCs OKPYKHOCTBIO C LIEHTPOM B Hauajie KOOPIWHAT paguyca a.
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I'mmepOooit Ha3bIBAETCSI T€OMETPUIECKOE MECTO TOYEK, PA3HOCTh PACCTOSIHUH KOTOPBIX OT JABYX
nanHbIx To4dek F1 u F2 (PokycoB) paBHa o aOCOMOTHON BETMUMHE JTAHHOMY YHCITY 2.

Kanonunyeckoe ypaBHeHHe runep0o.bl
x*/a? - y* b2 = 1. (2.11)

I'mmepbomna, 3amanHast ypasHeHueMm (2.11), cuMMeTpuyHa OTHOCHTEIBHO ocel koopauHar. OHa
nepecekaeT ocb Ox B Toukax A (a,0) u A (-a,0) - BepmmHax runepOosbl U He nepecekaer ochk Oy.

ITapameTp a Ha3bIBaETCs BEIECTBEHHOM MOJIYOChIO, b - MHUMOH nosyochro. ITapamerp c=" a’ + b
ecTb paccrosiHue OT ¢okyca m0 Hadama koopauHar. OtHomenuwe c/a = [1 >1 HasbBaeTcs
sKcUeHTpucuTeToM runepbonsl. IlpsMble, ypaBHeHHs KOTOpbIX y = [1 b/a X Ha3bIBarOTCA
acuMnToTaMu rurnepOosel. Paccrostaust oT Toukn M(X,y) runepboisl 10 ee GokycoB ((pokanpHbIe
PamuyChI-BEKTOPBI) ONPENESTIOTCS (POPMyIaMu:

rn= |sx-a |,r2= |sx+a |

2 2

-yP=a? a
= 1 U

IunepOona, y kOTOpOil a = b, Ha3bIBAETCS PABHOCTOPOHHEH, €€ ypaBHEHHE X
ypaBHeHMe acumMntor y = + x. Tunmepbomer  x%a’ - y*b?
y?/b? - x*/a’= 1 Ha3BIBAIOTCS COMPSKEHHBIMHU.

[TapaGonoit Ha3bIBAETCS FEOMETPUYECKOE MECTO TOUYEK, OAMHAKOBO YAAJEHHBIX OT JAHHOW TOYKH
(pokyca) u naHHOMN NPSAMOI (TUPEKTPHCHI).

Kanonudeckoe ypaBHeHHE Tapa0obl UMEET 1Ba BUJA:

2
1) y* = 2px - mapabona cCHMMeTpPHUYHA OTHOCUTENIBHO ocH OX.
2) x* = 2py - napabona CMMMeTpU4Ha OTHOCUTENbHO ocu Oy.

B oboux cnydasx p>0 u BepmmHa mapadojbl, TO €CTh TOYKA, JIeKallas Ha OCH CHUMMETPUH,
HaxOAUTCS B Ha4Yajle KOOPAUHAT.

IMapabona, ypaBHeHHe KoTopoil y 2 = 2px umeer dokyc F( p/2,0) u aupexrpucy X = - p/2,
(boxanbHBINA pagryc-BeKTOp TOUKU M(X,y) Ha HEH r = X+ p/2.

IMapabona, ypaBHeHHe KoTopoii x*> =2py mumeer Qokyc F(0, p/2) u aupextpucy y = - p/2;
(boxanbHBINA paguyc-BeKTOp TOUkU M(X,y) mapabonsl paBeH r =y + p/2.

Ypaenenue F(x, y) = 0 3agaet muHUIO, pa30UBAIOIIYIO JIOCKOCTh HA JIBE WJIM HECKOJIbKO HacTeil. B
OJTHUX M3 3THX YacTeil BbIMOJHAETCS HepaBeHCTBO F(x, y)<0, a B npyrux - HepaBeHcTBo F(X, y)>0.
UnbiMu CJIOBaMH, JIVHUS
F(x, y)=0 oTtnensier vactpb minockocty, rae F(x, y)>0, ot vactu mnockocty, rae F(x, y)<0.

[Ipsimast, ypaBHeHue kotopoit Ax+By+C = 0, pa3buBaer miockocTh Ha ABE MOJyIUIOCKOCTH. Ha
MIPaKTUKE ISl BBIACHEHUS TOTrO, B KaKOW MOJYIJIOCKOCTH Mbl uMeeM Ax+By+(C<0, a B kakoi
Ax+By+C>0, npUMeHSIOT METOA KOHTPOJBbHBIX TO4YeK. Jlis 3Toro OepyT KOHTPOJBHYIO TOYKY
(pasymeercsi, He JeXKAIIYIO Ha MPsIMOH, ypaBHeHHe KoTopoi Ax+By+C = 0) u nmpoBepsroT, Kakoi
3HaK UMeeT B 3Toil Touke BelpakeHue Ax+By+C. ToT ke 3Hak uMeeT yka3aHHO€ BbIpakKeHHE U BO
BCEHM TOJIYTNIOCKOCTH, TAE JIEKUT KOHTPOJbHAas Touyka. Bo Bropoi moaymiaockoctd Ax+By+C
MMeEET NPOTUBOMNOJIOXKHBIN 3HAK.
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To4HO Tak xe pemaroTcAa 1 HeJIMHEHbIE HEPABCHCTBA C ABYMS HCU3BCCTHBIMMU.

Hanpumep, peluM HepaBeHCTBO X2-4x+y*+6y-12 > 0. Ero MokHO mepenucaTh B Buje (x-2)° +
(y+3)*-25>0.

Vpasnenue (x-2)*+ (y+3)*- 25 = 0 3a1aeT 0kpykHOCTb C 1leHTpoM B Touke C(2,-3) u panuycoMm 5.
OKpy)XHOCTB pa30MBaeT IJIOCKOCTb HA IBE YaCTH - BHYTPEHHIOK U BHEUTHIOKO. UTOOBI y3HATH, B
KaKOH M3 HUX MMEET MECTO JaHHOE HEPABEHCTBO, BO3bMEM KOHTPOJIBHYIO TOUYKY BO BHYTpPEHHEMH
obnactu, Hanpumep, ueHtp C(2,-3) Hameir okpykHoctu. IloacraBnsiss koopaunatel Toukn C B
JIEBYI0 YacCThb HEPABEHCTBA, IMOJy4aeM OTPHLATENbHOE YHCIO -25. 3Ha4uT, M BO BCEX TOUKaX,
JEKAIIHIX BHYTpPHU OKPY>KHOCTH, BBITIOJIHSETCS HEPaBEHCTBO
x2-4x+y*+6y-12 < 0. OTcrofa cienyer, 4To JaHHOE HEPaBEHCTBO MMEET MECTO BO BHEIIHeH s
OKPY’KHOCTH 00JIacTH.

Hpumep 1. CocraBbTe ypaBHEHHs MPSIMBIX, MPOXOMAMINX depe3 TOUKy A(3,1) M HaKJIOHEHHBIX K
npsimoii 2x+3y-1 = 0 mox yriom 45°.

Pemenne. bynem nckath ypaBHeHUe mpsiMoil B Buae y=kx+b. ITocKoNbKy mpsiMasi MPOXOAUT Uepes
TOYKYy A, TO €€ KOOPAMHATBHl YAOBJETBOPSIOT ypaBHEeHMIO mpsimoi, T.e. 1=3k+b, 0 b=1-3k.

Bemnmunna yria MECXKOY NpAMBbIMHA
1+ dyk

y= ki x+b1 u y= kx+b onpenensiercs popmynoii tge = . Tak kak yrioBoii kosgduumeHt ki
UCXOHOM npsimoii 2x+3y-1=0 paBeH - 2/3, a yroxn ¢ = 45°, To ©MeeM ypaBHEHHE AJIS1 OTIPEACIICHHUS
k:

(2/3 + k)1 - 2/3k) = 1 wmm (2/3 + K)/(1 - 2/3k) = -1,

Hmeem nBa 3nauenus k: ki = 1/5, ko = -5. Haxons coorsercTBytomue 3Hadenus b mo gopmyne b=1-
3k, momyuyuMm [Be HCKOMbIE TIpsSMbIe, YpPaBHEHUS KOTOpHIX: X - Sy + 2 = 0 wu
S5x +y-16=0.

IIpumep 2. Ilpu xakoM 3HaueHHUM mapaMeTpa t MpsiMble, YpaBHEHUs] KOTOpBIX 3tx-8y+l = 0 u
(1+t)x-2ty = 0, mapayienbHbI?

Pemenne. Ilpsmble, 3ananHble OOIUME YPaBHEHUSIMH, NapaJUIEIbHbL, €CIH KO3(PUIHEHTHI IIPU X
U y mponopuroHanbhbl, T.€. 3t/(1+t) = -8/(-2t). Pemas moysydeHHOE ypaBHEHUE, HAXOMUM t: t1 = 2, 12
=-2/3.

IIpumep 3. Haittn ypaBHEHUE oOmei XOpAbl IBYX OKPY>KHOCTEH:
x? +y* =10 u x*+y*-10x-10y+30=0.

Pemenne. HalineM ToukH nepecedyeHus: OKPYKHOCTEN, U1l ’TOTO PELIUM CUCTEMY YPABHEHUI:

2 +y2 =10 2yt =10 ryi=10  [E4@d-nt=10
{ . =i 7 —4F T =4 “-x)

gl +y —10x-10y+30=0 |10-10x-10y+30=0 [y=4-x y=4-x

Pemass mepsoe ypaBHEHHME, HaxOAuUM 3HadeHuss X1 = 3, X2 = 1. M3 Broporo ypasHeHus -
COOTBETCTBYIOLIUE 3HaUeHus y: y1 = 1, y2 = 3. Tenepp noayduuMm ypaBHeHHE OOIIel XOpPIbI, 3HAs
ase Touku A(3,1) u B(1,3), mpunaanexxamue 3toit npsimoit: (y-1)/(3-1) = (x-3)/(1-3), mmu y+ x - 4 =
0.
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Ipumep 4. Kax pacronioskeHbl Ha IJIOCKOCTH TOYKH, KOOPIWHATHI KOTOPBIX YAOBJIETBOPSIOT
ycnosusaM (x-3)? +(y-3)2 < 8, x > y?

Pemenue. IlepBoe HEpaBEHCTBO CUCTEMBI ONpeEAENseT BHYTPEHHOCTh Kpyra, HE BKJIIOYas IPaHULLy,

T.€. OKPYXKHOCTb ¢ IleHTpoM B Touke (3,3) m panuyca 2 . Bropoe HepaBeHCTBO 3amaer
MOJIYIIJIOCKOCTbD, OMPEAEISIEMYIO PSIMOM, ypaBHEHUE KOTOPOU X = y, MPUYEM, TaK KaK HEPABEHCTBO
CTPOroe, TOUKU CaMOW MPsSMON HE MPUHAJIEXKAT NOJYIJIOCKOCTH, & BCE TOUKHU HUKE 3TON MPSIMOi
MPUHAIUIEKAT MONYIIOCKOCTH. [IOCKONBKY MBI HINEM TOYKH, YAOBJIETBOPSIOIMUE OOOUM
HEPaBEHCTBAM, TO UCKOMasi 00JIaCTh - BHYTPEHHOCTD MOJIYKPYTa.

IIpumep S. BeruuciauTe OIMHY CTOPOHBI KBajpaTa, BIMCAHHOIO B 3JUIHIC, YPABHEHHE KOTOPOTO
x*a? + y*/b? = 1.

Pemenne. Ilycte M(c, C) - BepIMHA KBajpaTa, JieXKamash B MEPBOH 4YeTBepTH. Torma CTOpOHA
kBagpaTa Oyner paBHa 2c. T.k. Touka M NMPUHAANEKUT 3JUIHIICY, €€ KOOPIUHATHI YIOBIETBOPSIOT
yPaBHEHHIO >JIUICca c*/a? + c*/b? = 1, OTKy/1a

c = ab/ Ja? +b° ; 3HAYHT, CTOPOHA KBanpara - 2ab/ Ja® +b° ,

Hpumep 6. 3Has ypaBHeHHe acumnToT rurnepOonsl y = [J 0,5 x u ogHy u3 ee Touek M(12, 3 V3 ),
COCTaBUTh yPaBHEHHE THITEPOOIIBI.

Pemrenne. 3amuireM KaHOHMYECKOE ypaBHeHHMe TumepOombr x*/a’ - y*/b? = 1. AcuMOTOTHI
runepOoIIbl 3a1a0TCs ypaBHeHMsiMHA y = [ 0,5 X, 3Ha4wnT, b/a = 1/2, otkyna a=2b. ITockonbky M -
TOUKa runepboibl, TO €€ KOOPAMHATHI YIOBJIETBOPSIOT YPaBHEHUIO runepbobl, T.e. 144/a% - 27/b* =
1. Vuurbisas, uto a = 2b, Haiinem b: b*=9 [J b=3 u a=6. Toraa ypaBHeHue runepOodsl - x*/36 - y*/9
=1

IIpumep 7. Bbluuciauth IHHY CTOPOHBI MpaBUJbHOrO TpeyroibHuka ABC, BhucaHHoro B
napaloJty ¢ mapamMeTpoM p, IPEeAroiaras, 4To To4ka A COBIIaAaeT ¢ BEPIINHOM napaboel.

Pemenune. KaHoHnueckoe ypaBHeHHe MapaboJibl ¢ IapaMeTpoM p UMeeT BUM y>= 2pX, BepIlMHA ee

COBIAJAET C HAYAJIOM KOOPAMHAT, U napadoyia CHMMETPHYHA OTHOCUTENBHO ocu abcmuce. Tak xax

npsimass AB obpasyer ¢ oceto Ox yrom B 30°, TO ypaBHeHHE NpPAMON HMeeT BUA. y =
1

NE X.00JIBIIINM KOJIMYECTBOM I'PapuKOB

CrnenoBaTebHO, Mbl MOKEM HaliTH KOOPAMHATLI TOUKH B, pelnast cucteMy ypaBHeHMH y?=2px, y =
1

NE X, OTKyZa X = 6p, y = 2 ”'Ep. 3naunt, paccrossane mMexnay toukamu A(0,0) u B(6p,2 ‘*-Ep)
paBHO 4 \'@ p.

Copepkanue npakTH4ecKoil paboThbI:
Bapuanr 1

e 3
1. CocTaBuTh ypaBHEHHE MPSIMOM C YIIOBBIM KO3 PHUIHEHTOM 2
Al

, €CJIM U3BCCTHO, YTO TOYKA

3-2) MPUHAAJIEIKUAT JAHHOU NMPSMOM.

37
ﬂ[—;—} B(-1,7)
2. CocTaBUTh ypaBHEHHUE NPSAMOI 10 ABYM TOUKaM 23 .
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L4

2
+ ‘}?_ = 1
3. TIoCTPOMTb JUIAIIC, 3aaHHBIH ypaBHeHHeM 16 7

Bapuanr 2
1. CocraBuTh ypaBHEHME MPSMOMN, €CIU M3BECTHO, YTO €€ YroJl HaKJIOHA K MOJIOKUTEIbHOMY
im

HAIpaBJIEHIIO ocH '“4 cocrapsier 4 yrouka ¥ -1

MPUHAJICKUT JAHHOW MPSAMON

2. CocTaBUTh ypaBHEHHE MPSAMOI MO TOUYKE M-L-3) BEKTOPY HOpMaJlu 73 -1 Haiiru

HaIMpaBJISIIOIIUI BEKTOP NPSMOM.
3. CocraBHTh KAaHOHHYECKOE YPaBHEHHE 3JUIMIICA, €CIM H3BECTEH OIWH U3 ero (hOKyCcoB
KLy MaJiasi IIOJIyOChb b=2 (LeHTp HaxoAWTCSA B Hadaje KoopauHaT). Hailtm BepuInHBL,
JOTIOJIHUTEIbHBIE TOUKH U H300pa3nTh JIMHHIO HA YePTeke. BRIMUCINTD SKCLIEHTPUCHTET.
Bapuanr 3
M1, 2)
A, 2)

1. CocTaBUTh ypaBHEHHE NPSMOH 10 TOUKE ¥ HAMPABJIAIOIIEMY BEKTOPY * (21

2. CocTaBuTh ypaBHEHHUE NPSMON MO TOYKE U HOPMAaJIbHOMY BEKTOPY (-8, 'ﬁ:'. Haiitn

HaIMpasJISIIOIIUN BEKTOP MPSMOM.

ﬁyzl

3. IlocTpouTs 51IHUIC, 3aJaHHBIN YPABHEHUEM 16 7

Bapmuanr 4

1. CocTaBuThb ypaBHeHHe NPSAMO 110 TOUKE MO0,=3) HalpaBJIIOIEMY BEKTOPY PT.3)

2. Jlana mpsimast 5x=Ty+11=0 " cocrapurs ypaBHEHHE NPSIMOM B OTPE3Kax M ONpPENeUThb
TOYKH NepeceueHust rpauka ¢ KOOPIUHATHBIMHU OCSIMHL.

3. CocraBuTh KaHOHMYECKOE YpaBHEHHE JIUINIICA, €CJIM H3BECTEH OAWH M3 €ero (OKycoB

F(=2.0) U Majasl IoJIyoChb b=2 (ueHTp HaxoAWTCA B Hadaje KoopawHaT) Halitm BepiuuHb,
TOTIOJIHUTEIbHBIE TOUKH U H300pa3nTh JIMHHIO HA YepTeke. BRIMUCINTD SKCLIEHTPUCHTET.

Bapuanr S

A D HaNpaBJIAIOLIEMY BEKTOPY o0

i-y—1

2. ITocTpouTs 351IUIIC, 3aJaHHBIN YPaBHEHUEM 16 7
-Zy+yi-3=0

1. CocTaBuTh ypaBHEHHUE MPSIMOM MO TOUKE

3. Iloctpouts rpaduk JIMHUY, 3aTAHHOHN ypaBHEHHEM

Bapuanr 6

EE D E{ J
1. CocTaBUTb ypaBHEHHE NPSMOH, IPOXOALIEH yepe3 TOUKU
2. CocraBuTb ypaBHEHUE MPsAMOIl B OTpe3Kax U ONpPENENUTb TOYKU €€ IepeceueHus cC

KOOPAUHATHBIMH OCSIMHU.
3x+dy-4=10

3. CocraBuTh KaHOHMYECKOE YpaBHEHUE OJJUINIICA, €CJINM H3BECTEH OAWH M3 €ro (OKyCcoB

72



B0y MaJiasi IOJIyOCh b=2 (LeHTp HaxoAWTCS B Hadaje KoopauHAT). Hailth BepuInHBL
JOTIOJIHUTEbHBIE TOUKH U H300pa3nTh JIMHHUIO HA YePTeKe. BRIMUCIUTD SKCLIEHTPHCHTET.
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www.iprbookshop.ru/80906 html. — Pexxum noctyma: 1jst aBTOpU3Up. MOJIB30BATEIEH

73



JHUCT PETUCTPAIIAN U3MEHEWI

Ne Coneprkanne N3MEHEHUS Hara, HOMED
LI MPOTOKOJIA
3acemaHmst
MeIaroru4eckoro
COBETA
1 2 3
1 BHeceHBI M3MEHEHUS B ICPCUCHb PEKOMCHAYCMBIX YUCOHBIX U3JaHUH, pelieHue ot
HaTepHET-pECypCoB, AOMOMHATCIEHON JINTCPATYPHI. 27 08.2020 No7
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